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Abstract

The Fourier restriction problem has a rich history, and with broad applications
including geometric measure theory, combinatorics, number theory, and PDE;,
Fourier restriction has evolved into one of the most active areas of research in
modern harmonic analysis. On the other hand, Fourier decoupling is a new and
powerful tool which has led to recent breakthroughs in number theory and PDE.
We explore both Fourier restriction and decoupling, our analysis culminating in
a new proof of a classic restriction theorem based on decoupling techniques. In
addition to providing a new perspective on a classic theorem, our decoupling
method highlights insightful connections between the fields of Fourier restriction

and decoupling.

X






Contents

[Acknowledgements|
[Abstractl
[Notation and Conventions|
(1 _Introduction|

2 Background|

[2.1  Fourier Analysison R" . . . . .

[2.1.3  Plancherel and Hausdorft-Young| . . . . . . . ... .. ...

[2.2  Interpolation| . . ... .. ...

[2.2.1  Strong-Type Bounds and Complex Interpolation|. . . . . .

[2.2.2  Weak-Type Bounds and Real Interpolation|. . . . . . . ..

[2.3  Some Useful Inequalities| . . . .

2.4 Miscellaneous Resultsl . . . . . . . . . . ..o
B TFourier Restrich E e

B.1  Tnitial Considerationd . . . . . . . . . . . . .. ... ...
3.2 The Dual Formulationl . . . . .. ... ... ... ... ......

X1

vii

ix

xiii

© O W w W

10
10
12
14
16



CONTENTS

|4 Fourier Decoupling|

Bibliography|

xii

37
38
40
40
42
43
45

55
95
o8
69

71



Notation and Conventions

We will strive to explain all notation as it is introduced; however, some notation
and conventions are of such importance that we wish to implement them imme-
diately and without further comment. We record them here for reference:

If (X, X, 1) is a measure space, we say that a property holds p-a.e, or for p-a.e.
x € X, if it holds for all x € X except possibly on a set of y-measure 0.
Ifl1<p<ooand f: X — Cis u-measurable, we define

1/p

e = ([ 1#@P du(o) "

for p = 0o, we define
I flloe(x,) = essilgp |f(z)] =sup{c e R: |f(x)|] <cfor p-ae z e X}.
TE

Given 1 < p < oo, we define LP(X, i) to be the set of p-measurable functions
[+ X — C such that || f||r(x,.) < 00, modulo p-a.e. equivalence.

The measure p will often be clear from context, in which case we tidy our notation
by writing || f||zr(x) in place of || f||zr(x,) and LP(X) in place of LP(X,u). A
particularly common case is when the measure space is R", which we always
assume to be equipped with the Lebesgue o-algebra and the Lebesgue measure.
Consequently, on R", the terms a.e. and for a.e. x € R™ are always assumed to
be with respect to the Lebesgue measure.

If A C R™ is measurable, we denote its Lebesgue measure by |A|, not to be
confused with the absolute value of a real or complex number; the difference
should always be clear from context. A common case is the ball of radius R > 0
centred at x € R™, which we denote by B(zx, R).

Finally, if A C X is measurable, we denote by x4 the characteristic function of
A, defined by

1 ifze X,
xa(z) = .
0 otherwise.

xiil






Chapter 1

Introduction

First considered by Stein in 1967, the problem of Fourier restriction remains a
highly active area of contemporary research in harmonic analysis. With connec-
tions to numerous fields as disparate as combinatorics and PDE, insight into the
restriction problem is valuable not only to harmonic analysis, but to a wide range
of fields of modern research.

In contrast to the long history of Fourier restriction, the study of Fourier de-
coupling began to flourish as recently as 2015, leading to exciting breakthroughs
in number theory and new results in PDE. Our goal is to give a brief overview
of both Fourier restriction and decoupling, before demonstrating how decoupling
techniques may be used to give a new proof of a classic restriction result which
we will refer to as the Tomas restriction theorem.

We begin in Chapter [2|by reviewing the basic tools required to engage with Fourier
restriction and decoupling. Of greatest importance is the theory of Fourier anal-
ysis on R”, and we review the standard results following a series of lecture notes
by Wolff [Wol03]. We then give a brief overview of interpolation — one of the most
useful tools in harmonic analysis, which we will have frequent need to employ.
Our treatment of this subject is drawn from a text of Stein and Weiss [SWT71] and
an exposition of Tao [Tao09]. We conclude this chapter by recalling some useful
analytic inequalities, as well as some miscellaneous results mostly regarding the
surface measure do (Definition associated to the truncated paraboloid in
R" (Definition [2.40)).

We dedicate Chapter 3 to an overview of Fourier restriction, beginning by sum-
marising the initial observations of Stein which mark the origins of the restriction
problem. We then introduce the equivalent dual “extension” formulation of the

restriction problem (which will become our main focus), before using the dual



CHAPTER 1. INTRODUCTION

formulation to motivate and state the restriction conjecture for the truncated
paraboloid in R™ (Conjecture . Significant early progress on the restriction
conjecture was made by Tomas [Tom75] with the first proof the Tomas restric-
tion theorem. Since our main result in Chapter [5] is a new proof of the Tomas
restriction theorem based on decoupling methods, we provide a careful analysis
of the original methods of Tomas, drawing inspiration from an elaboration of Tao
[Tao20b]. Finally, we introduce and explore standard “local” variants of restric-
tion and extension estimates (Definitions and which will be essential
for the application of decoupling to the Tomas restriction theorem.

In Chapter 4, we give a similar overview of Fourier decoupling. We begin with a
brief summary of the considerations of Wolff [Wol00] which first led to the study
of decoupling inequalities, before defining the notion of a decoupling inequal-
ity itself (Equation (4.4))). We give some simple well-known examples, following
which we state the more sophisticated results of decoupling for the paraboloid
and decoupling for the moment curve (Theorems and , due to Bourgain-
Demeter [BD15] and Bourgain-Demeter-Guth [BDG16] respectively. Decoupling
for the moment curve was famously used by Bourgain-Demeter-Guth to prove a
long-standing conjecture in number theory known as the Vinogradov main con-
jecture (or sometimes, the main conjecture of Vinogradov’s mean value theorem);
we give a short demonstration of how the main conjecture follows from decou-
pling for the moment curve, adapting an exposition of Tao [Taol5|] to make a
more suitable statement of the decoupling theorem applicable. We conclude this
chapter by recounting a proof of the model n = 2 case of decoupling for the
paraboloid (Theorem [£.10)), following an article of Li [Li2I] and an elaboration
of Tao [Tao20a], making some small optimisations where possible.

In Chapter 5| we unite Fourier restriction and decoupling by giving a new proof of
the Tomas restriction theorem based on the decoupling theorem for the paraboloid.
We find that a local variant of the Tomas restriction theorem (Theorem fol-
lows without too much difficulty from the decoupling theorem; the main difficulty
lies in upgrading the local extension estimates thus obtained to a suitable family
of global extension estimates. Our approach to this undertaking, known as e-
removal, is based on that taken by Tao [Ta099] to prove a related result. Finally,
we conclude with some speculation on how similar decoupling methods could be

used to prove further restriction estimates.



Chapter 2

Background

We will find it necessary in subsequent chapters to make frequent use of cer-
tain analytic tools which, whilst not being our main focus, are essential for us
to understand. It is assumed that the reader is already familiar with most of
these tools, but we take this opportunity to recall the most important of them
nonetheless. Our emphasis will be on stating results rather than proving them

(with some exceptions), and on summarising the relevant theory.

2.1 Fourier Analysis on R”

We review here the basic theory of Fourier analysis on R". Unless indicated
otherwise, the results and definitions stated herein are drawn from the first several
chapters of [Wol03]. There are an abundance of texts on this topic, with [SS03]

and [Gra04] being just two examples from a myriad of good alternatives.

2.1.1 The L' Fourier Transform

Definition 2.1 (The Fourier Transform). Given f € L*(R"), we define its Fourier

transform f by the pointwise formula

F&) = | flx)e ™ du. (2.1)
Rﬂ/
More generally, if 1 is a complex measure on R", we define its Fourier transform

fv by

(€)= [ e dula), 2:2)
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If f e LY(R") and p is a measure, we refer to the supports of f and [ as the

Fourier supports of f and u respectively.

Equation indeed generalises since for any f € L'(R"), we may
identify f with the complex measure fdx.
If we are given a function g which is the Fourier transform of a pre-existing
function and we wish to emphasise this, we informally say that g takes inputs
from the frequency domain, and we use Greek letters such as ¢ and w as the
variables. Conversely, if we are given a function f which we do not wish to think
of as the Fourier transform of a pre-existing function, we informally say that f
takes inputs from the spatial domain, and we use Latin letters such as x and y
as the variables.
We have the following basic formulas describing how the Fourier transform of
an L' function is affected by various operations. Each of these formulas may be

proved by recalling the definitions and applying a simple change of variables.

Proposition 2.2 (Basic Fourier Transform Formulas). Let f € L'(R"), T € R",
and let T : R™ — R"™ be an invertible linear map. Then,

1. Let f.(z) = flz — 7). We have f,(£) = e 2™ f(¢).
2. Let e, (z) = 2™, We have e, f(€) = f(€ — 7).

3. We have f/c;\T = |det T|7X(f o T).

4. Let f(z) = f(—z). Then, }::?

Loosely, we refer to the interplay between formulas one and two as translation
invariance. A particularly common case of the third formula is when T is scalar
multiplication by some factor r € R. In particular, letting f,.(z) = f(rx), we get
Fr(€) = |r| ™" f,-1. We will tend to avoid the case n = 1, so there will be no risk

of confusing the notations f. and f, as introduced above.

Notation 2.3 (Multiindex Notation). Fix n > 2. Given o = (ay, - -+ , av,), where
each «; is a nonnegative integer, we say « is a multiindex, and define its order to
be |a] = a1 + -+ + a,. Given f: R" — C, we define

olel f

Df=————
f ax?l e 8:['70{71’

and for any x € R", we define

i :xl ERRINNY



2.1. FOURIER ANALYSIS ON R¥

The next two propositions can be summarised by the general principle that
the faster f decays, the smoother f should be, and conversely the smoother f is,
the faster f should decay.

Proposition 2.4. If [, |z|"|f(2)|dz < oo for all N > 0, then f e C=(Rm),
with
D*f(€) = ((~2mi§)" f)
Here and throughout, we use the notation (-)” to denote the Fourier transform

of the expression inside the parentheses.

Proposition 2.5. If D*f exists and is in L'(R") for all 0 < |a| < N, then
Def(€) = (2mi&)*f(§)  VO<|al <N,

and there is a constant C' > 0 depending on N and f such that

fOr<sca+eh. (2.3)
If f € L*(R™), then heuristically, f(£) measures how much the frequency 2%

contributes to f. As such, we would like to have a Fourier inversion formula of
the form f(z) = [, F(&)e*™ € d¢ for a.e. 2 € R™. However, a problem lies in the
fact that the Fourier transform of an L! function is not necessarily also in L!.
To remedy this, it is convenient to introduce a certain class of functions which

behaves well under the Fourier transform.

Definition 2.6 (Schwartz Space). The Schwartz space, denoted S(R™), is the
subspace of C°°(R"™) consisting of all functions f for which 2*D? f is bounded for

all multiindices o and £.

Thus, f € S(R") if and only if f has derivatives of rapid decrease of all orders.
Clearly, C*(R™) C S(R™), and a typical example showing this containment is
strict is the Gaussian I'(z) = e ™*°. Using the elementary fact that there exists
some Cy > 0 such that Cy*(1 + |z|)V < D o<ial<n 127 < Cn(1 + [z))Y, we
may also obtain a useful alternative characterisation of the Schwartz space as
the subspace of C*(R") consisting of all functions f for which (1 + |z|)N D? f is
bounded for all N > 0 and all multiindices .

Propositions [2.4] and [2.5] lead to the following:

Theorem 2.7. If f € S(R™), then f € S(R™).

Thus, the Fourier transform defines an operator S(R™) — S(R"™) upon restric-
tion to S(R™). Notably, the Gaussian I' € S(R") as defined above is a fixed point
for this operator; that is, [=T.



CHAPTER 2. BACKGROUND

2.1.2 The Fourier Inversion Formula

Recall that we define the convolution of two functions f, g : R® — C by
frg@)= | fl@—ygly)dy= [ [fWglz—y)dy
R™ R™

(the two being equal by a change of variables), and note that supp(f % g) C

supp f + supp ¢g. The following result is standard:

Lemma 2.8. Let ¢ € S(R") with [, ¢dx = 1, and for each ¢ > 0, define
¢°(x) = e "¢p(e ). Then,

1. If f is a continuous function which limits to zero at infinity, then ¢*x f — f
uniformly as € — 0.

2. If f € LP(R™) for 1 < p < oo, then ¢° x f — f in LP(R") as € — oo.

The following duality relation for the Fourier transform follows by a direct

application of Fubini’s theorem:

Lemma 2.9 (Duality Relation). If f,g € L*(R"), then
f)g(a)yde = [ fx)g(x)dx,
Rn Rn

Combining Lemmas and with the observation that I' = T', we may
obtain the desired Fourier inversion formula under the additional assumption
that f € L

Theorem 2.10 (Fourier Inversion). If f € LY(R") and f € L'(R™), then for a.e.
r e R”,

fla)= [ feem=<de.
Rn
Proof. For each € > 0, define a function I. by

I(z) = f(g)PE(f)e%rm{ dg.

]Rn

Since f € L*(R"), the Lebesgue dominated convergence theorem applies, giving

limI.(z) = | f(&)e*™¢dg (2.4)
e—0 R™
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for all z € R™. On the other hand, Lemma [2.9 and the properties of the Fourier
transform from Proposition give

L@) = | FOIE—a)ds = | FOT(r—&)ds
=I* f(2),

where we have used the property [ = I and the observation that ' is even.
Lemma now gives I. — f in L'(R") as € — 0, which together with equation
(2.4) implies the result. O

In light of the Fourier inversion formula, we make the following definition:

Definition 2.11 (The Inverse Fourier Transform). Given f € L'(R"), we define

its inverse Fourier transform f by the pointwise formula

fla)= [ f(&)em=* de.
ke

More generally, if p is a complex measure on R", we define its inverse Fourier

transform g by

i) = [ e adu(e)

We note that for f € LY(R"), f(z) = f(—x), and similarly f(&) = f(—¢€).
That is, f = (f),l and f = (f)—1. Using these identities, it is clear that any
statement for the Fourier transform has a simple analogue for the inverse Fourier
transform. We will tend not to distinguish such analogues from their original
counterparts, and will simply cite the relevant result for the Fourier transform
when we wish to invoke them; a particularly common case of this will be analogues
for the inverse Fourier transform of the formulas given in Proposition 2.4 As is
the case for the Fourier transform, we will also use the notation (-)” to denote
the inverse Fourier transform of the expression inside the parentheses.

Recalling that the Fourier transform of an L! function is not necessarily itself
in L', the terminology inverse Fourier transform is potentially misleading, since
it is does not define an inverse of the map f — f on L*(R™). We use this
terminology nonetheless, though some care must be taken to avoid confusion. If
we restrict to the Schwartz space, however, and recall from Theorem that the
Fourier transform maps S(R") to S(R™) (which is clearly contained in L'(R™)),
the Fourier inversion formula implies that the inverse Fourier transform indeed
defines an inverse of the map f — f on S(R"). That is, for f € S(R™), we have

7



CHAPTER 2. BACKGROUND

f = f and f = f (the second of these following from the first by the identities
f=( f )_1 and f= (f)—1). We will tend to use these properties without further
comment in subsequent chapters.

The following result regarding the interplay between convolution and the Fourier
transform will be frequently useful. To make sense of the proposition, we note
that both L'(R™) and S(R") are closed under taking convolutions.

Proposition 2.12. We have
frxg=1fs Vfgel'R"),
and

fo=fxq VfgeSERM.

The first of these formulas follows by a simple application of Fubini’s theorem,
and the second follows from the first by Fourier inversion. Like Fourier inversion,
we will tend to use these properties without further comment in subsequent chap-
ters.

We will find it useful in many instances to produce a function ¢» € S(R") which
is bounded away from zero on some bounded set, and whose Fourier support
is particularly small. The existence of such functions is a result that is often
used but rarely proved, so we outline in the following proposition a method for
their construction. The proof is an exercise in understanding Proposition [2.2] as
the construction is based on the simple observation that dilating a function on
the spatial domain results in a contraction on the frequency domain (with some

scaling), and conversely.

Proposition 2.13. Let U C R™ be bounded. Then, there exists 1 € S(R™) such
that || > C >0 onU, and U is supported in B(0,1). Moreover, ¥ can be chosen

so that both v and 121 are nonnegative.

Proof. Let ¢ € C°(B(0,1)) be a nonnegative, nonzero bump function supported
in B(0,1). Then, ¢ € S(R") is such that $(0) = [5, ¢dx > 0, so by continuity,
there exists some 0 < R < 1 and some C' > 0 such that || > C on B(0, R).
Since U is bounded, we may choose some M > 1 such that U C B(0, M), and
it follows that |pgr/n| > C on U. Since (¢r/m) = (M/R)"pumyr is supported in
B(0,R/M) C B(0,1), we may take ¥ = @r /.

To ensure that ¢ and 1& are both nonnegative, we in addition ask for ¢ to be

radial and supported in B(0,1/2). Then, using the notation from formula four

8



2.1. FOURIER ANALYSIS ON R¥

of Proposition we have ¢ = ¢, from which the formula itself gives ¢ = ¢.
Then, ¢ * ¢ is a nonnegative, nonzero bump function supported in B(0, 1), and
Proposition combined with our observation that ¢ = @ implies that (p*xp) =
@p = |p]* is also nonnegative. Repeating our previous argument with ¢ * ¢ in

place of ¢ gives the result. O

2.1.3 Plancherel and Hausdorff-Young

The S(R") — S(R™) Fourier transform is particularly well-behaved with respect
to the L?(R™) norm, as the following important theorem shows. It states that
the Fourier transform is an isometry on S(R") when equipped with the L*(R")

norm.

Theorem 2.14 (Plancherel). If f, g € S(R™), we have

[ pat@de = [ feae

Proof. By Fourier inversion, we have f(x) = f (z) = f(—z). A change of variables

therefore gives

[ e ie = [ feag@in = [ i) ds

—

from which the duality relation (Lemma and formula four of Proposition
give the result. O]

We will most often use Plancherel when f = ¢, in which case the theorem
states || fll 2@ = [|fll2@n)-
Noting that S(R™) is dense in LP(R") for all 1 < p < oo (since this is true of
C>*(R") c S(R™)), we obtain as a corollary of Plancherel that the S(R") —
S(R™) may be uniquely extended to an isometry F : L*(R") — L*(R"™) (in fact,
F is unitary). Indeed, given f € L*(R"), choose some sequence of Schwartz
functions (f,)nen limiting to f in L2(R™), and note that the sequence (f)nen is
Cauchy in L?*(R") by Plancherel. This sequence therefore has a unique limit in
L?*(R™), which we define to be F(f). The fact that this operator is a well-defined
isometry follows by a standard argument.
Given f € S(R"), it is easy to see by the triangle inequality and the definition
of the Fourier transform that f is bounded, with HfHLoo(Rn) < |Ifllzr®n). Since

Plancherel gives || f|| z2@ny = || || 2 (n), We see that we have ||f||Lp/(Rn) < £l zeny

9



CHAPTER 2. BACKGROUND

in the cases p =1 and p = 2 (recalling that for 1 < p < oo, p’ is defined to be the
unique exponent 1 < p’ < oo for which 1/p+ 1/p’ = 1). This can be extended to

a family of intermediate estimates for p € (1, 2):

Theorem 2.15 (Hausdorff-Young). If 1 < p < 2, then

1l gy < W llo@ny VS € S(R™). (2.5)

The idea of extending LP* — L% and LP> — L% bounds for an operator to
a family of bounds for intermediate p and ¢ is known as interpolation, which we
will explore in the following section. We will see a proof of the Hausdorff-Young
theorem as a specific example.
As was the case when p = 2, we note that equation allows us to extend
the S(R") — S(R") Fourier transform to a bounded operator LP(R™) — L¥'(R")
for any 1 < p < 2. This idea of converting estimates of the form for
Schwartz functions to bounded operators between LP spaces will contribute to

the motivation of the restriction problem in the following chapter.

2.2 Interpolation

We dedicate this section to a brief overview of one of the most useful tools in
harmonic analysis: interpolation. We fix two o-finite measure spaces (X, X, u)
and (Y, Y, v) to be used throughout our discussion, noting that for our purposes,
the most relevant measure spaces will be be R™ with the Lebesgue o-algebra and
Lebesgue measure, and discrete sets with the counting measure (and products of
such measure spaces). In what follows, the results and definitions are all drawn
from either [Tao09] or Chapter 5 of [SWT1]. The subject of interpolation is vast,

and there are more advanced texts such as [BL76] dedicated to its study.

2.2.1 Strong-Type Bounds and Complex Interpolation

Let T be an operator mapping LP(X) to measurable functions on Y. Recall that
if 1 < p,q < oo and there exists some constant C' > 0 such that

1T fllzaeyy < Cllfllerx) Vf e Ll(X), (2.6)

we say that T is bounded LP(X) — L4(Y). In this case, we define the LP — L9
operator norm of T', denoted || T'||r— e, to be the least constant C' such that (2.6
holds. There is an alternative terminology that is convenient for the purposes of

interpolation:

10



2.2. INTERPOLATION

Definition 2.16. If 7" is bounded LP(X) — L4(Y), we say that T is of strong-type
(p, q), and refer to estimates of the form (2.6]) as strong-type L? — L9 bounds.

Given an operator T, we will often be interested in determining for which
pairs of exponents 7' is of strong-type (p,q). To make this easier to discuss, we

make the following definition:

Definition 2.17. The strong-type diagram of T is the set of all pairs (1/p,1/q) €
[0,1]2 for which T is of strong-type (p, q).

Note that by decomposing a function f as a sum xys>13f + Xqs<1f, it is
clear that we have LP(X) C LP'(X) 4+ LP?(X) for all p; < p < po. It follows
that if 7" is defined on LP*(X) 4 LP?(X), then it is also defined on LP(X) for all
p1 < p < po. For the purposes of interpolation, operators will always be defined
on a space of the form LP'(X) + LP2(X).

We are now ready to state the first interpolation theorem which will be of use:
the Riesz-Thorin interpolation theorem. Perhaps the simplest interpolation the-
orem, this allows us to convert a pair of strong-type bounds for LP* — L% and
LP? — L% to a family of strong-type bounds for intermediate p and ¢, provided
the operator T is linear.

Riesz-Thorin interpolation and related theorems are broadly referred to as com-
plex interpolation in reference to the methods used to prove them, which rely

upon techniques from complex analysis such as the maximum modulus principle.

Theorem 2.18 (Riesz-Thorin Interpolation). Suppose T is a linear operator on
L (X)+LP2(X) of strong-type (p1, 1) and (p2, g2) for some 1 < p1,p2, q1, g1 < 0.
Then T is of strong-type (pg, qo) for all 0 < 6 < 1, where py and qy are defined by

1 1—0 4 1 1-0 0

+—, —
Do D1 D2 qo q1 q2

Moreover, we have ||T|| o spa0 < | T30 o | TN pae for all 0 <60 < 1.

Remark 2.19. In the case where one of the exponents is 0o, we interpret 1/00 =
0.

We note that as 6 varies from 0 to 1, (1/py, 1/qe) traces a straight line from
(1/p1,1/q1) to (1/p2,1/q2). This is the motivation behind defining the strong-
type diagram as a set of pairs of the form (1/p,1/q) rather than pairs of the
form (p,q); the Riesz-Thorin interpolation theorem can be summarised by the

statement that the strong-type diagram of a linear operator is convex.

11



CHAPTER 2. BACKGROUND

Example 2.20. Let T be the linear operator on L'(R™) + L*(R™) obtained by
extending the L! and L? Fourier transforms to L'+ L?. Our observations from the
previous section show that 7' is of strong-type (1,00) with [|T||p1 -~ < 1, and
of strong-type (2,2) with ||T||,2,.2 = 1. Riesz-Thorin interpolation therefore
implies that T is of strong-type (pg, qg) for all 0 < 0 < 1, with [|T||zrepaw <

HTHlLTiLoo ’T”iz_)Lz =1, where

1 0 1 46
_:(1_9)+_7 - =3
Po 2 q 2
Noting that pig + i = 1, we have gy = pj, so T is of strong-type (p,p’) for all

1 <p <2, with |7 ;»_» < 1. This is implies the Hausdorff-Young theorem
since T'f = f for f € S(R™).

2.2.2 Weak-Type Bounds and Real Interpolation

We now discuss an alternative form of interpolation involving “weak” counter-

parts LP* to the “strong” LP spaces.

Definition 2.21. Let f : X — C be measurable. We define the distribution
function of f by

M) =p(le e X |f@)] =) V>0

Given any t > 0, we have

11, = /X F@)P dpu() > /{ 1 du(z) = A ().

zeX:|f(z)|=t}

This short computation gives the well-known Chebyshev’s inequality:

Theorem 2.22 (Chebyshev’s Inequality). Given 1 < p < oo and a measurable
function f: X — C, we have

1
>‘f<t> < t_prHip(X) vt > 0.
This leads to the following definition:

Definition 2.23 (Weak L? Norms). Given 1 < p < oo and a measurable function
f: X — C, we define the weak LP norm of f by

11| e (2x) = sup EAs(£)'/7.
>0
For p = 0o, we simply define HfHLoo,oo(X) = ||f||Loo(X).

12



2.2. INTERPOLATION

Analogous to the definition of L? spaces, we also make the following definition:

Definition 2.24 (Weak LP Spaces). Given 1 < p < oo, we define the weak L?
space LP*(X) to be the space of all measurable functions f : X — C such that

| fllLpoe(x) < 00 (modulo almost-everywhere equivalence).
Remark 2.25. We have L>>®(X) = L*(X).

It is evident that Chebyshev’s inequality is equivalent to the statement that
| fllzeoex) < |If|lLe(x); this is the motivation behind the terminologies weak L?
norm and weak LP space, since we have LP(X) C LP*°(X). To further contrast
the spaces LP(X) and LP*°(X), we sometimes refer to the former as strong L?
spaces.
Let T be an operator mapping L?(X) to measurable functions on Y. In analogy
to equation (2.6, if 1 < p,q¢ < oo and there exists some constant C' > 0 such
that

ITfllpaery < Clifllexy  VF € LX), (2.7)

we say that T is bounded LP(X) — L?*(Y). As was the case for strong LP
spaces, there is an alternative terminology that is convenient for the purposes of

interpolation:

Definition 2.26. If 7" is bounded L*(X) — L?°(Y'), we say that T is of weak-
type (p, q), and refer to estimates of the form (2.7)) as weak-type LP — L7 bounds.

Analogous to the definition of the strong-type diagram, we make the following

definition:

Definition 2.27. The weak-type diagram of T is the set of all pairs (1/p,1/q) €
[0,1]? for which T is of weak-type (p, q).

Note that due to Chebyshev’s inequality, if T is of strong-type (p,q) then
it must also be of weak-type (p,q). It follows that the strong-type diagram is

contained in the weak-type diagram.

Definition 2.28. We say that the operator 1" is sublinear if for all f, g in the
domain of T" and all ¢ € C, we have |T(f + g)(v)| < |Tf(y)| + |T9(y)| and
T(ef)(y)| < |el|TF(y)] for vace. yeY.

Remark 2.29. Clearly, linear operators are also sublinear.

13



CHAPTER 2. BACKGROUND

We are now ready to state the second interpolation theorem which will be of
use: the Marcinkiewicz interpolation theorem. This is similar to Riesz-Thorin
interpolation, but has some advantages and disadvantages. The main advan-
tages are that Marcinkiewicz interpolation allows one to convert a pair of weak-
type bounds for LP* — L% and LP? — L% to a family of strong-type bounds
for intermediate p and ¢, provided the operator T is sublinear. The main dis-
advantages are that Marcinkiewicz interpolation requires further restrictions on
the exponents p; and ¢; (namely, we need ¢; # ¢ and p; < ¢; for i = 1,2);
moreover, Marcinkiewicz interpolation does not give the nice strong-type bounds
T o szo0 < | TI5?, pas ITN0e oo @s was the case with Riesz-Thorin interpo-
lation.

Marcinkiewicz interpolation and related theorems are broadly referred to as real
interpolation in reference to the methods used to prove them, which rely on tech-

niques from real analysis.

Theorem 2.30 (Marcinkiewicz Interpolation). Suppose T is a sublinear operator
on LPY(X)+ LP2(X) of weak-type (p1,q1) and (pa, q2) for some exponents 1 < p; <
¢ < 00, 1 < py <o < o0, where ¢i # q2. Then T is of strong-type (g, qo) for
all 0 < 6 < 1, where pg and qg are defined by

1 1-6 6 1 1-0 6
=—

Do P D2 Qo ¢ 0

The Marcinkiewicz interpolation theorem can be summarised by the statement
that the weak-type diagram of a sublinear operator is convex, and moreover, the

the interior of the weak-type diagram is contained in the strong-type diagram.

2.3 Some Useful Inequalities

We now briefly review some inequalities that will be of use. As before, we let
(X, X, pn) and (Y,Y,v) be o-finite measure spaces, and given an exponent 1 <
p < 00, we let p’ denote the unique exponent 1 < p’ < oo for which 1/p+1/p" = 1.
The first is one of the most-well known inequalities in analysis, though we include

it for the sake of completeness:

Theorem 2.31 (Holder’s Inequality). Let 1 < p < oco. If f € LP(X) and
g € L¥(X), we have

/X gl di < 11 ol

14



2.3. SOME USEFUL INEQUALITIES

The next inequality, not quite as well-known as Hélder’s inequality, is useful
for estimating the L” norm of a function on X given by integrating a function on
X x Y with respect to the Y variable.

Theorem 2.32 (Minkowski’s Integral Inequality). Let 1 < p < oo, and let
F: X xY — C be measurable. Then,

(1] st < [ ([ e aia)” s

Remark 2.33. Minkowski’s integral inequality also holds with standard modifi-

cations when p = oo.

The following well-known inequality describes when the convolution of two
functions f € LP(R") and ¢g € LI(R™) lies in some other L"(R™):

Theorem 2.34 (Young’s Convolution Inequality). Let 1 < p,q < oo satisfy
1<1/p+1/qg <2, andlet1 <r < oo be such that 1 +1/r = 1/p+1/q. If
f e LP(R™) and g € LYR™), then f g € L' (R™) with

I * gllor@ny < | fllo@n) 9] Lagmn)-

Young’s convolution inequality can be proved by elementary means, but a far
simpler proof is afforded to us by interpolation. Fixing g € L4(R™), Minkowski’s
integral inequality gives the bound || f * g/ La@ny < || f|| 1 (®n)]| 9]l Lo(®ny, and the tri-
angle inequality followed by Holder’s inequality yields the bound || f * g|| oo @mny <
| £l meyllgll Larn). Considering the linear operator T' defined by T'f = f * g,
we see that T is of strong-type (1,¢) and (¢’,00) with operator norm at most
9]/ Lo(rny in both cases. Applying Riesz-Thorin interpolation yields Young’s con-
volution inequality in full generality.

As a special case of Theorem 2.6 of [O'N63], Young’s convolution inequality re-
mains true if each norm is replaced by its weak counterpart.
The final inequality which will be of use is Schur’s test, which gives a bound on

the L? — L? operator norm of an integral operator based on its integral kernel.

Theorem 2.35 (Schur’s Test). Let T' be an integral operator with kernel K :

X xY — C; that is,
_ /Y K (z,9) f(y) dv(y).

e < sup ([ 1K Glavta)) -sup ([ 1)l dnt)).

yey

Then,

15
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Remark 2.36. Schur’s test is actually more general; we have stated it in the

specific form that we will need later.
Finally, we highlight some important notation related to inequalities:

Notation 2.37. If two quantities X and Y satisfy |X| < CY for some con-

stant C' > 0 depending on some finite number of parameters pq, - - - , p,, we write
X Spiepe Y oor equivalently X = Oy, ..., (Y), and call C' the implied constant.

We allow the implied constant to change each line when using this notation.

We understand Y 2, .. ,, X to mean X <, .., Y, and we write X ~,, .., YV
Y Spipn X Sprveepn Y-

If we are treating a certain parameter as fixed during a given argument, we
will tend not to record the dependence of implicit constants on that parameter.
For example, we will often treat the dimension n as fixed, and thus we do not tend
to emphasise the dependence of implicit constants on n. Otherwise, the omission
of a non-fixed parameter from the above notations should be understood to mean

that the implied constants do not depend on that parameter.

Example 2.38. Equation ([2.3]) could be more concisely written as

FOI Swy L+ 1EDTY.

The parameter £ is not considered fixed, so its omission from the notation Sy ;
is understood to mean that the implied constant is independent of €. Though the
implied constant depends on the function f, if we were treating f as fixed for the

purposes of a given argument, we would simply write | f )| Sv (1+1¢ \)_N )

2.4 Miscellaneous Results

We record here some results that will be of use but which do not fit into any of

the previous sections.

Theorem 2.39 (Partitions of Unity). Let U = (U, )aca be a collection of open
sets in R"™ indexed by some set A. Then, there exists a smooth partition of unity
subordinate to U, which is a family (Na)aca of smooth functionsng 1 | o4 Us — R

such that

aEA

1. 0<n, <1 forall a € A.

2. suppn. C U, for all a € A.

16
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8. Each x € |J,cq Ua lies in suppn, for only finitely many o € A.

4 D neata() =1 for allx € |J, ey Us (noting that the sum has finitely many

nonzero terms for each x in light of the previous property).

We will have frequent need to consider submanifolds of R", which we assume
without further qualification to be smooth and compact. In fact, for the sake of
concreteness, we will primarily consider the truncated paraboloid in R™. To avoid
trivialities, we henceforth assume n > 2 throughout.

Definition 2.40. The truncated paraboloid in R™ is the hypersurface
Pl {(€.6) € R 6 = €1 € € 1,1,

Remark 2.41. As indicated by the use of the Greek letter £ in the above defi-
nition, we will tend to think of submanifolds as being situated in the frequency

domain.

For the sake of brevity, we will simply refer to the truncated paraboloid as
defined above as the paraboloid, though care should be taken not to confuse this
with its non-truncated counterpart, {(¢/,&,) € R": &, = [€')*; & e R* 1.

Note that the paraboloid admits a global parametrisation ¢ : [—1,1]"~! — P!
defined by ¢(&) = (¢,|¢'|?). Using this, we may define the surface measure do

on P"! motivated by considerations from Riemannian geometry:

Definition 2.42 (Surface Measure for the Paraboloid). Define h : [-1,1]""! - R
by h(¢') = \/(det DT D) (¢"). Given a function g : P! — C, we define

[ s@dee= [ weanemeras = [ o€ P e

[_171}77,71
Remark 2.43. We have h ~ 1 on [—1,1]"" L.

A standard differential geometry computation shows that the foregoing def-
inition is independent of the parametrisation ¢. Leveraging this fact, a similar
definition can be made for an arbitrary submanifold (if the submanifold does not
admit a global parametrisation, one uses a more general version of a partition of
unity to “stitch together” local definitions of do).

The next result, based on the theory of oscillatory integrals and stationary phase,

gives a bound on the decay of the Fourier transform do

Theorem 2.44. Let n > 2, and let do be the surface measure on P"~*. Then,
|do(€)] < (1 +[¢])~"172,

17
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Remark 2.45. Theorem remains true if do is replaced by the complex
measure fdo for any f € C*(S); moreover, if £ is in a direction normal to P"~!

at some point, then we have the stronger result do(€) ~ (1 + |¢])~("=D/2,

There will be several instances in which we would like to estimate the surface

measure of a ball in R™. The following lemma provides a simple bound:
Lemma 2.46. For all w € R™ and all R > 0, we have
o(B(w,R)) < R

Proof. We have

o(BeR) = [ Xoam (€ do(o)

so by definition of the surface measure, we have
oBe ) = [ (€ PRE) &
,171 n—1
S xaen(@ kD, (28)
[_171]’”‘71

where we have used our observation from Remark Clearly, xpw,r) (&, [€'])
is supported in the projection of B(w, R) onto R"™! = {¢ € R" : ¢, = 0}, which
is a ball of radius R in R"™!. This has (n — 1)-dimensional Lebesgue measure
~ R" ! from which gives o(B(w, R)) < R™ 1. O

Finally, we recall a useful covering lemma:

Lemma 2.47 (Vitali Covering Lemma). Let {B(xa, Ra) : a € A} be a collection
of balls in R" indexed by some set A. If sup,cs Ro < 00, then there exists a
countable subset B C A such that the balls {B(xs,Rs) : B € B} are pairwise
disjoint and satisfy

| B(za: Ra) € | B(xs,5Rp).

acA peB

18



Chapter 3

Fourier Restriction and

Extension

The study of Fourier restriction was initiated by Stein in the 1960’s, and with
applications as broad as geometric measure theory, combinatorics, number the-
ory, and PDE, Fourier restriction remains a highly active field of contemporary
research. In this chapter, we aim to give a brief overview of some key aspects of
the field.

We begin by summarising the observations of Stein which led to the advent of
the restriction problem, before introducing the dual “extension” formulation of
the problem which will become our main focus. We then state the restriction
conjecture for the truncated paraboloid, motivated by certain necessary condi-
tions, following which we recount an early breakthrough of Tomas [Tom75] on the
restriction conjecture, a new proof of which will be our main result in Chapter [5
Finally, we introduce and explore a “local” variant of restriction and extension

estimates which will play an important role in the aforementioned proof.

3.1 Initial Considerations

When f € L'(R™), the Fourier transform f is defined pointwise by the formula
, and its restriction to an arbitrary subset of R™ is therefore well-defined.
However, as was observed in Section , when f € LP(R") for p € (1,2], f
is an element of L (R") and is therefore only defined up to almost-everywhere
equivalence. In particular, f may take arbitrary values on a set of measure
zero, which is to say that its restriction to a set of measure zero is not a priori

well-defined. Despite this, it was observed by Stein in 1967 that for certain
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CHAPTER 3. FOURIER RESTRICTION AND EXTENSION

submanifolds S C R"™ of appropriate curvature and for certain exponents p €
(1,2], we may meaningfully restrict the Fourier transform of a function f €
LP(R™) to S, up to do-a.e. equivalence. Stein was driven by the observation that
it is the Hausdorff-Young estimate || f||,, < || f|l, which allows us to extend the
S(R") — S(R™) Fourier transform to a bounded operator LP(R") — L¥ (R"), and
therefore allows us to define f up to a.e. equivalence on R™ when f € LP(R").

Analogously, an estimate of the form

1flsllzos.ao) S 1flony — Vf € SR™) (3.1)

would allow us, after an appropriate approximation argument, to realise f |s as an
element of L?(S,do) for any f € LP(R"™), so that f could be uniquely restricted
to S up to do-a.e. equivalence. Loosely, we refer to estimates of the form (3.1
as restriction estimates.

Remark 3.1. We will tend to write || f||za(s,a0) in place of || f|s|Li(s. a0, since

the restriction to S is implicit in the L(S, do) norm.

Restriction estimates are so important that they are worthy of their own

notation:

Definition 3.2. Given a submanifold S and a pair of exponents 1 < p,q < o0,
we denote by Rg(p — ¢) the statement that equation (3.1)) holds.

Broadly speaking, the goal of Fourier restriction is to determine, for a given
submanifold S (or family of submanifolds), for which pairs of exponents the re-
striction estimate Rg(p — ¢) holds.

We record in the next few lemmas some standard elementary observations about

restriction estimates for later reference.
Lemma 3.3. Rs(1 — o) holds for any submanifold S.

Proof. By the triangle inequality and the definition of the Fourier transform, we
have HfHLOO(S,do) S Hf“Ll(Rn) for all f € S(Rn) ]

Due to its simplicity, we will sometimes refer to Rs(1 — o0) as the trivial
estimate. As we will later see, the trivial estimate is often useful for the purposes
of interpolation; by combining the trivial estimate with some other non-trivial
restriction estimate Rg(p — ¢), we may obtain a family of “intermediate” re-

striction estimates for a range of exponents p and q.
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Lemma 3.4. Given a submanifold S and a pair of exponents 1 < p,q < 00,
Rs(p — q) implies Rg(p — 1) for all1 <r <q.

Proof. Since S is compact by assumption, the do measure of S is finite. Holder’s

inequality with exponent ¢/r > 1 therefore gives that for any f € S(R"),
R A r/q
[ 171 o <oy ( [ 11 do©) ™
S S
Raising both sides to the power of 1/r, we find that

1r(s,do) S 1 fllzacs,doy S I1fllze@nys

If

where the second inequality follows by Rs(p — q). ]
An analogous result is also true for the first exponent:

Lemma 3.5. Given a submanifold S and a pair of exponents 1 < p,q < o0,
Rs(p — q) implies Rs(r — q) for all1 <r < p.

Proof. Since S is compact by assumption, we may extend the function ¢ =1 on

~

S to a function ¢ € CP(R"). Defining ¢ € S(R™) by ¢ = ¢, we have ¢ = 1 on
S by Fourier inversion, hence f|g = (f1)|s = (f * ¢)s. It follows that

1 llzaes, dny = 1(f % V) Nas,a0) S Nf * Yllzon) S [1fllzr@m,

where the first inequality follows by Rs(p — ¢) and the second follows by Young’s

convolution inequality. O]

We note that in light of Lemmas [3.4] and the general goal is to prove

restriction estimates for the largest possible exponents

3.2 The Dual Formulation

Given a submanifold S C R”, define an operator Rg on S(R") by Rsf = f|s (not
to be confused with the Rg appearing in the notation Rg(p — ¢)).

Definition 3.6. We call Rg the restriction operator associated to S.

Clearly, Rg(p — q) is equivalent to the statement that Rg can be extended
to a bounded operator LP(R™) — L%(S,do). When expressed in the language

of operators, it becomes evident that there should be a dual statement that is
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CHAPTER 3. FOURIER RESTRICTION AND EXTENSION

equivalent to Rg(p — ¢), and this is indeed the case. To discover the dual
statement, let f € S(R™) and g € L'(S,do) be given. Fubini’s theorem gives

[ Rss@a@ante) = [ ([ aeman)i@an)
- [ #@gdr) () ds

Letting Es be the operator acting on L'(S,do) by Esg = (gdo)7, the above can

be summarised by the formula

[ Rst(©5@do©) = | f()Esgl@) e (32)
s Rn
Definition 3.7. We call Es the extension operator associated to S.

Formally, equation (3.2) can be interpreted to mean that the extension oper-
ator is the adjoint of the restriction operator.
Alternative to equation (3.1)), one might consider whether we have an estimate

of the form

1Bsgll o gy S N9t (5.00 V9 € L7 (S, do) (3.3)

(noting that L7 (S, do) C L'(S,do) by a similar application of Holder’s inequality
as in Lemma . Loosely, we refer to estimates of this form as extension esti-

mates. Such estimates are also important enough to deserve their own notation:

Definition 3.8. Given a submanifold S and a pair of exponents 1 < p', ¢’ < oo,
we denote by R5(q¢" — p’) the statement that equation (3.3)) holds.

As one might expect, the statements Rg(p — ¢q) and R5(¢ — p’) are in fact

equivalent.

Theorem 3.9. Given a submanifold S and a pair of exponents 1 < p,q < 00,
the statements Rs(p — q) and RE(q" — p') are equivalent (with the same implied

constants).

Proof. Suppose ||Rsfl|ras,d0) < Allf|ler@ny for all f € S(R"), and let g €
LY(S,do). A standard duality formula gives

| sl ey = sup {| | $(0) Boge) da : £ € SR, 1 Flwery =1

=sup{] [ Rsf (€ do(e)]: £ € SE). W lseny = 1}, (34
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where the second line follows by (3.2). But for any f € S(R") such that
| fllze@ny = 1, the hypothesis || Rs f||a(s,dr) < Al f|| £r(rn) and Hélder’s inequality

give
| [ Rsf©aa0(0)] < Algllaris.any

The supremum in Equation (3.4) is therefore at most Allg|| (s 4), SO We have
”ESQHLP'(]R") < AHgHLq'(S’da) for all g € L7 (S, do).
The converse follows by a similar argument, using the duality formula

IR liscs.an = sup {| [ Rsf©a@do(©)] 9 € L7(S.d0). gl s = 1}
O

In light of Theorem [3.9] it is clear that we lose no generality by focusing only

on estimates of the form R%(q¢ — p’). Indeed, despite the origins of the restric-
tion problem lying in the non-dual formulation, there has been a trend in the
literature to favour the dual formulation. We adopt this approach, henceforth
focusing mainly on estimates of the form R&(¢" — p') (with some exceptions).
As such, we will drop the use of dual exponents for such estimates, and simply
write them in the form R5(p — ¢). One advantage of this approach is that the
dual formulation can be used more readily to establish necessary conditions for
restriction or extension estimates to hold, as we will see in the following section.
We will also see later that extension operators and estimates are intimately con-
nected to the study of PDE.
In addition to focusing on extension estimates, we will henceforth adopt the con-
vention of using variants of ¢ to denote functions on R"”, preserving variants of f
to denote functions on a submanifold (reversing an implicit convention held prior
to this point). We also note that we will tend to blur the distinction between
restriction and extension estimates, the two being equivalent.

We pause momentarily to record the dual counterparts of our elementary obser-

vations in Lemmas [3.3] and

Lemma 3.10. R%(1 — 00) holds for any submanifold S. 0

Lemma 3.11. Given a submanifold S and a pair of exponents 1 < p,q < 00,
Rs(p — q) implies RE(r — q) for all r > p. o

Lemma 3.12. Gwen a submanifold S and a pair of exponents 1 < p,q < oo,
Ri(p — q) implies R(p — ) for all v > q. 0
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Each of these follows by a direct application of Theorem and the corre-
sponding restriction lemma. Alternatively, elementary proofs of these results can

be given along the same lines as their restriction counterparts.

We note that in light of Lemmas [3.11] and |3.12] the general goal is to prove

extension estimates for the smallest possible exponents

3.3 Necessary Conditions and the Restriction

Conjecture

For a given submanifold S, it is natural to ask for which pairs of exponents (p, q)
R%(p — q) holds. The answer depends on the submanifold S, with characteristics
such as curvature and dimension being important. We will limit our attention to
compact hypersurfaces, which is to say compact submanifolds of R™ of dimension
n—1. In fact, as mentioned in Section[2.4] we will primarily consider the truncated
paraboloid P*~! in R", though most of our results may be readily generalised to
any compact hypersurface with positive definite second fundamental form.

Since we are focusing our attention on a particular submanifold for each n,
we will sometimes tidy our notation by omitting the subscript from the operator
Epn-1. Thus, we understand all instances of the operator F to mean Epn.-1 for
whatever dimension n is implicitly fixed in the given argument.

Recall that for f € LP(S,do), Ef = (fdo)™ is just the inverse Fourier transform
of the surface-supported measure fdo. We can therefore use our understanding
of the asymptotics of the Fourier transforms of such measures from Section
to derive necessary conditions for extension estimates to hold. Indeed, suppose

bno1(p — ¢) holds for some 1 < p,q < oo, and consider the function f =1
on P*~'. Then, Ef = (do)7, so Ri,_.(p — q) dictates that ||(do)7||zern) S
11| Lr(pn—1,d0y = O(1). But by Remark [2.45, (do)” decays asymptotically like
(14 |z))~"2 in directions normal to P!, from which we see by integrating in

n—1

polar coordinates that ||(do)7||eny can only be finite if g% > n. It follows

that for R},._.(p — ¢) to hold, we must have

2n
n—1

q> (3.5)

We may establish further necessary conditions on the exponents p and ¢ by consid-
ering the scalings (¢/,&,) — (A&, \%,) for A > 1. Indeed, let f € LP(P"! do),
and extend f to an LP function f on the non-truncated paraboloid by defin-
ing f(€) = 0 for € ¢ P"'. Given A > 1, define T) : R* — R" by T(¢',&,) =
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(A, N2E,), and define f* € LP(P"!, do) by f» = foT) (noting that T) preserves
the paraboloid). R},._.(p — q) gives

1E | any S N v pn-1, do)s (3.6)
but a change of variables reveals that
1A nont,aoy ~ A5 1ot ao, (3.7)
and another change of variables gives Ef*(x) = A~ D(Ef)* ' (z). Hence,

—(n— -1
| oy = A~ IEN zacery
—(n— ntl
= XU B | acen. (3:8)

Combining equations (3.6)), (3.7) and (3.8]), we see that for all A > 1,
—(n— n+tl _n—1
A OYSNE f | ony SATF | llzopnt, o),

hence

n—1
'Y

ntl
[EfllLa@n) S A < || fllzepr-1, do)- (3.9)

If ”p—_,l — ”T“ < 0, then by letting A — oo in (3.9), we find that Ef = 0 for all
f € LP(P"',do). But this is a contradiction, giving the additional necessary
condition

n+1 <= 1'

< 3.10
q jd (3.10)

We note that there is an alternative derivation of the necessary condition ({3.10))
along similar lines to that of which is applicable to other submanifolds;
the idea is to let f# be a “smoothed out” version of the characteristic func-
tion of a small cap of radius R, and consider the behaviour of | E f#||¢n) and
||fR||LP(Pn—17dU) as R — 0. This is known as the Knapp example, originally pub-
lished by Strichartz [Str77]; an accessible heuristic explanation can be found in
[Tao04].

The famous restriction conjecture (in the case of the paraboloid) simply states
that the necessary conditions and on the exponents p and g are also
sufficient:

Conjecture 3.13 (The Restriction Conjecture). R},._.(p — q) holds if and only
if the conditions (3.5)) and (3.10) are satisfied.
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This conjecture can be easily visualised using the strong-type diagram for the
extension operator Epn-1, as shown in the following figure:

1/q

(%, 2(7;—111)) Tomas-Stein

1/p
(1,0):

Trivial Estimate

Figure 3.1: The conjectured strong-type diagram for Epn-1.

The restriction conjecture states that Epn-1 is of strong-type (p, ¢) for all (]l), %)
lying inside the convex trapezoidal region. This is the intersection of the region
0< %,% < 1 (corresponding to the fact that 1 < p,q < oo) with the regions % <
"2—711 and ”TH < ”p—_,l (corresponding to the necessary conditions and

respectively). Thus, the trapezoidal region is bounded above by the line % = ”2—;1,
n—1

and on the diagonal by the line »* = “21 (or equivalently, ¢ = 273(1—1)). The

latter of these is known as the critical line, since proving the conjecture along this
line would imply the conjecture in full. Indeed, Lemma states that if the
conjecture is known at some point in the above region, then it is automatically
true for all points to the left and on the same horizontal line (we note that Lemma
[3.10] on the other hand, simply states that the conjecture is already known at the
point (1,0), as marked in the figure). Moreover, by interpolation, if the conjecture

is known for two pairs of exponents (p1, ¢1) and (ps, g2), then it is also true for all
pairs of exponents (p, q) for which (zlﬂ %) lies on the straight line joining (pil, q—ll)

and (-, ). It follows by Lemma and interpolation with the trivial estimate

that if the conjecture is known at some point (pil, qil) on the critical line, then it

1

must also be true for all points (-, 1) in the trapezoidal region with - < L. As
P2’ q2 q2 q1
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3.4. THE TOMAS RESTRICTION THEOREM

such, progress on the restriction conjecture is measured by how close one can get
on the critical line to the endpoint (%=1, 2-1).

The restriction conjecture was resolved in full for the case n = 2 by Zygmund
[Zyg74], but remains open in all other dimensions. The first major development
in higher dimensions was made by Tomas [Tom75], by proving the conjecture
along the line % = 1 yp to but not including the endpoint (2, 50 +1)) for all
n > 2, a statement which we will call the Tomas restriction theorem. This was

2

soon strengthened by Stein to include the endpoint, and we therefore refer to
the estimate R}, (2 — (nH) n+1

referred to as the Tomas—Stem exponent. Our main result in Chapter l Wlll be a

) as the Tomas-Stein estimate, with belng
new proof of the Tomas restriction theorem, so we dedicate the next section to a
careful analysis of the original methods of Tomas, as well as some applications of
the Tomas-Stein estimate to PDE.

The restriction conjecture remains a very active field of research, with the best

results to date given in the recent paper [HZ20].

3.4 The Tomas Restriction Theorem

A significant early development on the restriction conjecture was made by Tomas

[Tom75], with a proof that Rf,_.(2 — ¢) holds for all ¢ > % In fact,

Tomas proved the equivalent restriction statement that Rgn-1(p — 2) holds for

alll <p< ("H) . Tomas’ proof utilised the decay of the Fourier transform of the
surface measure of S"~1 and as such, generalises easily to other hypersurfaces
including P"~!. In keeping with our focus on the paraboloid, we present here an
elaboration of Tomas’ original proof, adapted to the paraboloid. Some inspiration

has been drawn from an exposition of Tao [Tao20b].

Theorem 3.14 (The Tomas Restriction Theorem). Rpn-1(p — 2) holds for all

2(n+1)
1 <p< n+3 °

Proof. Let 1 < p < 2(n+1). We must show that

/ 9()[*do (&) < llglZo e

for all g € S(R™). Using the identity |§(£)]* = §(£)g(¢) and Fubini’s theorem, we
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CHAPTER 3. FOURIER RESTRICTION AND EXTENSION

find that

[ wordoe= [ ([ gwermca) ([ giienin) o)
pn—1 pn—1 n n
~ [ s@)lo+ @)@
By Hoélder’s inequality, it follows that
/P B 19(&)? do (&) < N|gllzoen)llg * (do) || o ()
and it therefore suffices to prove
lg * (do) || o (gmy S N9llzr Ry

We use a variant of a standard technique from harmonic analysis known as dyadic
decomposition: fix some ¢ € C°(R™) with compact support in B(0, 1) such that
¢ =1 on B(0,1/2), and define ¢(z) = p(x) — ¢(2z) so that ¢ € CX(R") is
supported in the annulus B(0,1) \ B(0,1/4). By a telescoping series argument,

we then have
L= (@) + Y o(x/2"),
k=1
SO we may write
(do)"(x) = p(x)(do) () + > ¥(x/2")(do) (x).
k=1
The triangle inequality then gives

g * (do) | ot ey < 119 % 9(d0) Nl oy + D g * 9(-/25) (o) o gy

k=1
so it suffices to prove the estimates
lg * o(do) || o gny S 9l Lr@ny (3.11)
and
g * (- /25)(do) M o gy S 27 Ngllr@ny VR 21, (3.12)

for some constant ¢ > 0 independent of £ and g.
To prove (3.11)), we note that p < 2 implies p’ > 2, hence p'/2 > 1. Letting

r =p'/2, we then have 1 + ]% = % + %, so Young’s convolution inequality gives
g * o(do) || 1o @ny S 191l Lo@n)llo(do) || or gy
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3.4. THE TOMAS RESTRICTION THEOREM

This is since ¢(do)” is compactly supported, hence ||p(do)7|| 1rgny is finite.
To prove , define for each integer k£ > 1 an operator T} mapping functions
on R™ to functions on R™ by Trg = g * 1(-/2¥)(do)”. Then, equation is
equivalent to a strong-type (p,p’) bound for T} for all k > 1, with ||T||»_ 0 =
O(27°). We will establish this by interpolating between strong-type (1,00) and
(2,2) bounds for T.

Fix some k > 1. For the strong-type (1, 00) estimate, we use Young’s convolution

inequality to find

lg * ¥ (-/25)(do) NlLmqny S gl en (/2 (do) || oe ey
k(n—1)

S22 lgllwen, (3.13)

where the last inequality follows since ¢(-/2%) < 1 is supported on the annulus
B(0,2%)\ B(0,2%2), on which (do)” < -5 by Theorem .

For the strong-type (2,2) estimate, we use Plancherel’s theorem to obtain
lg *(-/2%)(do) || 2y = 1G((-/2°)(do) )| 2 amy
< Nlgllzz@n 1 (-/2)(do) llm@ny,  (3.14)

so we must estimate the Fourier transform (1(-/2%)(do)")". Fixing some ¢ € R",

Fubini’s theorem gives
(/2 (o) V(€)= [ wlw/29( / i () ) e do
R™ pn—1
= [ (] wtaye = dn) o)
pn—1 R

= 10/2:@(5 — w) do(w), (3.15)

Pn—l
so by Proposition [2.2] we have
(/2o V) =2 [ D e~ w) doo).

Hence, by the triangle inequality and the rapid decay of the Schwartz function

1&, we have

|((-/2")(do) V()] S 2’“"/13 (1 X6 —w]) " do(w).  (3.16)
We now use yet another variant of dyadic decomposition: letting A; = B(€,277%)\
B(&,277%1) for all integers j > 1, observe that we may express R™ as the disjoint
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CHAPTER 3. FOURIER RESTRICTION AND EXTENSION

union

R" = B(¢, 27" ul 4.
j=1

We may therefore decompose the right-hand side of equation (3.16) using the
Lebesgue monotone convergence theorem to obtain

(w62 oS 2 ( (14 25 = w) " do)

Pr—1nB(£,2-F)

+ Z/ (14 2¥¢ = wl) ™" do(w))

n— 1ﬂA
=2M(T +II). (3.17)

To estimate I, we note that the integrand is at most 1 and Lemma [2.46| gives
o(B(£,27%)) < 27F=1D from which we see I < 27%=1  To estimate 11, we
observe that for w € A;, we have |§ — w| > 207%=1 and it follows that (1 +
2k|¢ — w])~100n < (2071) 7100 < 9=100in - Since A; € B(0,277%), we also have
o(4;) < o(B(0,277F)) < 20— Tt follows that we also have

II < Z 2—100jn+(j—k)(n—1)
j=1
_ 9—k(n—1) Z 9—(99n+1)j < o—k(n—1)
j=1
Equation (3.17) therefore gives ||(¢(-/2%)(do) )| poe@n) S 2F, so equation ([3.14)

gives

lg * ¥ (-/2")(do) | raqny < 2% gl z2zn (3.18)

Interpolating between the strong-type bounds (3.13)) and (3.18]) for the operator
T} using Riesz-Thorin interpolation, we find that for all 0 < 6§ < 1, T} is of

strong-type (pg, qo) with

1Tl zro—sra0 < Tl 322 oo I Tl 12
< 2%%(1_9)%9
~Y )

where pig =1- g and é = g. Setting 6 = z% (noting that 0 < z% < 1 since p < 2,

implying p’ > 2), we obtain
1T o S o= 2k(1+25H) (565~ 77)
. . . n—1 n—1 1 ‘
;F(hi)proves B.12) with ¢ = 2(1 + *3%) (557 — ), where ¢ > 0 since 1 < p <

2(n+1)
n+3 -1 u

implies p’ >
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3.5. LOCAL RESTRICTION AND EXTENSION ESTIMATES

By using a more delicate interpolation method, Stein was able to extend the

Tomas restriction theorem to the endpoint, proving the Tomas-Stein estimate
Rpn- 1(2(”;;)1) — 2), or equivalently, Ry, (2 — %)

estimate, different to the original method of Stein, is given in [Tao20b].

One approach to this

Some connections between PDE and extension estimates can be seen by consid-
ering the Schrodinger equation 270, u = Ayu on R"™! x [0, 00) with initial data
u(z’,0) = g(z’). By a standard argument in which one converts the PDE into
a family of ODE by taking the Fourier transform with respect to the x’ variable
and using Proposition [2.5] one obtains that a solution is given by

w(a' z,) = / §(&) i en) €I get. (3.19)
Rnfl

In particular, if § € C([—1,1]""1), equation (3.19) gives that u(z’,z,)
(Epn1G)(2/, x,), where we define G : P"' — C by G(&,[¢'|*) = 9(¢)/h
for h as defined in Definition [2.42| The Tomas-Stein estimate R}, (2 — (

therefore gives

(&
+)

NN

lull 2o & S Gle2prr.ao)

S llgllze @1y,

where we have used Plancherel and the fact that o ~ 1 on [—1,1]""!. Similar
estimates may be derived for general g € S(R™!) by proving the Tomas-Stein

estimate for the non-truncated paraboloid.

3.5 Local Restriction and Extension Estimates
Let S € R™ be a submanifold. We now introduce “local” variants of the state-
ments Rg(p — ¢q) and R5(p — q):

Definition 3.15. Let ¢ > 0. If for all R > 1 and all ¢ € S(R™) supported in
B(0, R) we have

191 za(s, do) S B9l Lo (500, R)). (3.20)
we say that Rs(p — ¢; €) holds.
Loosely, we refer to estimates of the form as local restriction estimates.
Definition 3.16. Let ¢ > 0. If for all R > 1 and all f € L9 (S, do) we have
1Es [l 0.8y S BNl o (5, a0 (3.21)

we say that R%(¢ — p'; €) holds.
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CHAPTER 3. FOURIER RESTRICTION AND EXTENSION

Loosely, we refer to estimates of the form as local extension estimates.
We note that by translation invariance, estimate is equivalent to the same
estimate in which the L”" norm is taken over any ball B(x, R) of radius R. Indeed,
given any = € R", an analogue of Proposition gives (Egf)_, = Es(e.f). Tt
follows that if estimate holds, then for all f € L9(S,do), we have

||ESfHLP'(B(x,R)) = H(ESf)—r”Lp’(B(o,R))
S REHEIfHLq’(S,da)
= B[ fll 1 (5, d0)-

Analogously, estimate is equivalent to the same estimate in which g is sup-
ported in any ball B(z, R) of radius R, and where the L” norm is taken over the
same ball.

Without further qualification, we understand the terms restriction estimates and
extension estimates to refer to those of the form and respectively; when
referring to estimates of the form (3.20) and (3.21)), we will always include the

description local. On the other hand, when we wish to emphasise that we are not
referring to local restriction or extension estimates, we will refer to estimates of
the form and as global restriction and extension estimates respectively.
It is not hard to see by an analogous argument to Theorem [3.9)that Rs(p — ¢ €)
and R(q — p'; €) are equivalent. We therefore lose no generality by focusing
on local extension estimates, and as such, we will adopt the same convention for
local estimates as we do for global estimates; namely, we will tend to focus on
local extension estimates, which we will write without dual exponents in the form
Rs(p—q;¢).

Clearly, RE(p — q; €) implies R5(p — ¢; €’) for all ¢’ > . Moreover, it is easy
to see that Ri(p — ¢) implies R5(p — ¢; ¢) for all € > 0. The utility of local
estimates lies in the question of whether the converse, or a partial converse, of
this statement holds. In particular, if we knew that R&(p — ¢; ¢) for all e > 0
implied R%(p — ¢), then we could use local extension estimates to prove a corre-
sponding global extension estimate. Unfortunately, the converse as stated here is
not true in general, but under some circumstances something almost as good is
true: knowing R%(p — ¢; €) for some € > 0 implies a global extension estimate
where the ¢ loss is transferred to one or both of the exponents p, ¢. That is, it can
be shown under some circumstances that Rg(p — ¢; €) implies RE(p. — ¢.) for
some p. > p and ¢. > ¢. In particular, we would like to have p. — p and ¢. — ¢
as € — 0, in which case knowing R5(p — ¢; ) for all € > 0 implies a family of
global extension estimates having R%(p — ¢) as one of its endpoints. This will
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3.5. LOCAL RESTRICTION AND EXTENSION ESTIMATES

be our approach to proving the Tomas restriction theorem in Chapter |5 based
on the decoupling methods introduced in Chapter |4} decoupling will provide a
relatively short proof of the local extension estimates R},_.(2 — %; e) for
all € > 0, after which we must prove a concrete e-removal theorem allowing us
to deduce the Tomas restriction theorem based on this family of local extension
estimates.

We now prove a well-known equivalent condition for R%(p — ¢;€) to hold.
Heuristically, the idea is that upon localising to scale R on the spatial side in
equation (3.21]),we may safely “blur” to scale R~ on the frequency side (this
heuristic is motivated by a general principle in Fourier analysis known as the
uncertainty principle). This result holds for more general compact submanifolds,
but we will once again adhere to the case of the paraboloid P"~! for the sake
of concreteness. In what follows, given § > 0, we let AVs(P"!) denote the ¢-
neighbourhood of P"~!; that is,

N (PP H ={¢ €R": |¢ —w| < § for some w € P" 1},
We divide the necessary and sufficient conditions into two separate propositions:

Proposition 3.17. Let 1 < p,q < oo, let ¢ > 0, and suppose that for all R > 1
and all g € S(R™) with Fourier support in Np—(P"'), we have ||g||raBo,r) <
REYP|g|| orny. Then, R, i(p — q; €) holds.

Proof. Let f € LP(P™ ! do) and choose by Proposition some ¢ € S(R")
such that ¥ ~ 1 on B(0,1), and ¢ is nonnegative and supported in B(0,1).
Given R > 1, we have

1/q
1B momy = ([ |Ef@)do)
B(0,R)

1/q
~( [ w/mEBr@) )
B(0,R)
= [[Yr1 Efl|Le(B(0,R))- (3.22)

Now, applying Fubini’s theorem as in the derivation of equation (3.15)) gives

(Gra EFYE) = bri (€ — w) f(w) do(w); (3.23)

pn—1

we therefore say that (Yr-1 Ef) = %_\1 (fdo) — a statement which can be made
precise using the theory of distributions. Using the result regarding the support

of a convolution and the fact that 1)p-1 has Fourier support in B(0, R~1), we see
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CHAPTER 3. FOURIER RESTRICTION AND EXTENSION

that (¢Yp-1 Ef)" is supported in P"~! + B(0, R~!) = Ng-1(P"!) (alternatively,
this can be shown by an elementary argument). Since ¥z-1Ef is also Schwartz,

the hypothesis gives

1Yr-1Ef|lLaso.r) S B (r-1 B oen)-

By equation (3.22)), we see that it therefore suffices to prove

1(r-1 Bf N Nogny S BN fllzoont, ao).
To do so, we write zﬁ: = R™)p in equation (3.23)), and apply Holder’s inequality
with the splitting

UR(€ = w)f(w) = Pr(€ — W) f(w)

to obtain

o EsTOl < R'( [

pn—1

([ tne - ). @20

[l — )] dof)) "

Noting that
[ lnls =)o) < Wl | Xeouppin®) (o)

~ dllimen [ Xoern (@) dote)
< R—(n—1)

y Lemma [2.46)), equation (|3.24]) gives that for all £ € R",
by L 46)) (13.24)) hat for all £ € R
~ n—(n— / N L/p
(@nBETONS R ([ Jine - wllp@)P dote))

pn—1

We therefore have
, N 1/p
(6B aseny S B0 ([ ([ it —lls@)p dote)) de)

Vr(€)|dE ~ R™, we

so upon applying Fubini’s theorem and observing that fRn
find that

(Yr 1 Ef) | r@ny S Rnf(nfl)/plfn/p||f||LP(Pn—1,da)
= Rl/p,HfHLp(Pn_lydU)' (325)
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The converse is as follows:

Proposition 3.18. Let 1 < p,q < oo, let € > 0, and suppose that Ry,._.(p —
q; €) holds. Then, for all R > 1 and all g € S(R™) with Fourier support in
Ne-1(P"1), we have ||g||zao.r) S B2 4| 1oz

Proof. Let R > 1, and let ¢ € S(R") have Fourier support in Nz-1(P"1). Fix
some constant C' > 0, and for each > 0 define

Ns(P 1) i={6=(¢,&) eR" : & € [—(1+0), 1+ 0" [& — €] < C6}.

It is clear that by choosing C' large enough, we can ensure N3(P"') C N3(P*!)

for all & > 0. It follows by Fourier inversion that for all x € R", we have

o(z) = / §(E)e = d.

N
Define a map ® : [-1,1]""! x [-<CR™!,CR™'] — N1 by
P, wn) = ((1L+ R [(14 R7HW* + wn),

and define a linear map T : R" — R" by T(2/,z,) = (1+ R~ Y)2’, (1+ R~ 1)2x,).
Since 1 + R~! ~ 1 for R > 1, we have
|det DO(w)| = (1+ R H" 1~ 1

for all w € [-1,1]"* x [-CR~',CR™'|. Tt follows by a change of variables and

Fubini’s theorem that

CR™1
s~ [ ([ s ) d) d,
[—1,1]n—1

_CR—I

CR™! . 7042
S/ / G(P (W', wy)) 2 T WLV gy
—or-1 1y

dw,.  (3.26)

For each w, € [-CR™',CR™|, define a function f, : P" ' — C by

h(w’)

where h is as defined in Definition 2.42] Equation (3.26) then gives

fur (W |)?) = Vo' e [-1,1]" 1,

CR™1
ol s | Fun (T de] o,

—CR1 pn—1

CR!
:/ \E f., (Tz)| dw,,

—CR71
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so upon applying Minkowski’s integral inequality, we get

CR™1 1/q
191l La(B0.y) 5/ (/ IEfwn(Tx)\qdfﬂ) dw,,
—CcRr-1 NJB(0,R)

CR™! 1/
s ([ i) de, @2
—cr-1 NJT(B(O,R))

where we have applied a change of variables on the second line, again using the
fact that 1+ R~ ~ 1. Now, it is clear from the definition of T" that T'(B(0, R)) C
B(0,R(1+ R ')?) C B(0,4R). Hence, the hypothesis R}, .(p — ¢; €) gives

1/q
(/ \Efwn(flfﬂqu) < |Efo, laBo,4r))
T(B(0,R))
S R\ foullopn-t, do-

Substituting this into equation (3.27)) and using Hoélder’s inequality, we get

CR-1
N9l aBo,R) S Re/o ) | fuon | (Pr—1, dory dion,

< RE1/¥ o P 1/p
SE () Wl den) - (3:28)

7C’R71

Now, we have

T —— / 9D )P do
[_171]711

hence,

CR™! 1/p CR-! ) / / p
(/ ”fwnHLp Pr=1 do) dwn) ~ (/ </ |G(D(w', wp))|P dw)dwn>
—CR~ —CR-1! [—1,1]»—1
N
~( [ a@ra)” = 1l
Np-1

.
where the last line follows by undoing the change of variables which led to equation
(3.26)). Inserting this into equation (3.28)) gives the result. ]
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Chapter 4

Fourier Decoupling

The local smoothing conjecture for the wave equation, first stated in [Sog91], is a
well-known conjecture from PDE which seeks to bound the LP(R™ x [1,2]) norm
of solutions to the wave equation in n + 1 dimensions by Sobolev norms of the
initial data. It is well-known that the conjecture would follow from a certain

square function estimate of the form
1/2
HZ]‘} <Z|fj|2> ‘
jET jez

where ¢ > 0. When working on the local smoothing conjecture, Wolff [Wol00]
was compelled to consider a weaker form of the estimate (4.1]) in which the roles

of the ¢? norm and L norm on the right-hand side were interchanged:

|3
JET

(4.1)

Se |21 :
Lp(R™+1) Lp(R+1)

1/2
2
oy 5 |I|€(]Ze; (Fl— (4.2)

(in fact, Wolff considered a slightly different estimate with an 7 norm on the
right-hand side). Initially named in honor of Wolff, estimates of the form
are now known as decoupling inequalities.

The study of decoupling inequalities has recently flourished, and the implications
have been far-reaching. In this chapter, we give a brief overview of some of the de-
velopments, beginning with some motivation and elementary examples. We then
state some of the landmark results, namely decoupling for the paraboloid [BD15]
and decoupling for the moment curve [BDG16], before seeing how decoupling for
the moment curve was used to resolve a long-standing conjecture from number
theory known as the Vinogradov main conjecture. Finally, we demonstrate a

proof of the model two-dimensional case of decoupling for the paraboloid.
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4.1 Motivation and Simple Examples

Let (X, X, u) be a measure space, and let 1 < p < oo. Given a finite collection
of functions {f;};ez C LP(X), the triangle inequality followed by the Cauchy-

Schwarz inequality gives the bound

| 8], <2 (E M) (13)
JET

JET
However, it is clear that under some circumstances, this trivial bound can be

improved upon.

Example 4.1. Consider the case when the measure space is R” with the Lebesgue
measure, p = 2, and the functions f; are pairwise orthogonal. Then, equation
holds without the factor of |Z|*/2, and we say that the functions f; ex-
hibit square-root cancellation. Thus, by Plancherel’s theorem, the functions f;
having pairwise disjoint Fourier supports is sufficient to guarantee square-root

cancellation

Example 4.2. Adhering to the case p = 2, a similar setting in which it is possible
to improve upon equation (4.3)) is when the Fourier supports of f;, rather than
being disjoint, have bounded overlap. That is to say, when there exists some
C' > 0 such that every { € R” lies in at most C' of the sets supp f;. In this case,

the Cauchy-Schwarz inequality implies the pointwise bound

DTSR

JjET JjET

Upon integrating and taking square roots, we have

1/2
| 325 ey < (S MslEem)
jET ( jET

which is an improvement upon (4.3)) as long as C' < |Z]|.

Examples [.1] and are specific case of a more general type of inequality
known as a decoupling inequality. Informally, we say that a collection of functions
{f;}ier exhibits (* decoupling in LP if

1/2
> fi ST (DIl e (4.4)
LP(X)
jeT jeT

38



4.1. MOTIVATION AND SIMPLE EXAMPLES

for all € > 0. The ¢? refers to the occurrence of the ¢2 norm of the sequence
(I fillze(x))jez on the right-hand side of equation (4.4, and we could similarly
consider analogous ¢? decoupling inequalities for other exponents ¢ (though we
will have no need to do so). The name “decoupling” itself is due to the fact that
the functions f; can be thought of as being “coupled” on the left-hand side of
into the sum ) jer fj, but they have been “decoupled” on the right-hand
side into individual components. This terminology is most clearly motivated by
examples in which the f; are complex exponentials of different frequencies. Such
functions are so common in this field that we are compelled to give them a more

convenient notation:
Notation 4.3. We define e(x) = ¢*™ for all x € R.
One typical example is the following (given, for example, in [Piel9]):

Example 4.4. For each N € N and € > 0, we have the decoupling inequality

’L4 (0,1)) (

Indeed, the right-hand side is equal to N°*%/2 and for the left-hand side, we see
that

1/2
e(J ‘x HL4 (o, 1])) .

||ﬁz
Il Mz

2 4 ! Y 2 4
= e(7°z)| dx
) L4([0,1]) /o ‘Z Y )‘
= > / (Gt + 75 — j3 — ji)w) da.

1<j1,J2,78,Ja<N

Now, recall that an integral of the form fo e(kx)dx for k € Z is equal to 1 if
k =0 and is equal to 0 otherwise. It follows that

|3,

o 1<'7.,.7.<N1.2+'2:'2+.2,
oy — TS a2 s da <N i+ Gy = Js + i}

and number-theoretic considerations show that the right-hand side is <. N?*¢
for all € > 0; indeed, there are N? ways to choose j, and ju, and for each choice,
there are <. N°¢ solutions to the diophantine equation j? — j2 = j7 — j2 in the

variables j; and j3 [Tao08]. Taking fourth roots gives the result.
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This example is a good illustration of an important technique connecting

number theory and analysis. This technique exploits the simple identity

1 if k=0,
/ e(k-x)dr =
[0,1]" 0 ifkez\ {0}

to see that estimating LP([0, 1]™) norms of exponential sums (when p is an even
integer) is equivalent to estimating the number of solutions to a corresponding
system of n diophantine equations. In Example 4.4, we saw that an a prior:
estimate on the number of solutions to the diophantine equation j% + j3 = j2 + j3
for 1 < jyi,--+,j2 < N led to an ¢* decoupling inequality in L*([0, 1]) for the
complex exponentials {e(j%z)};en. Of more interest is the converse situation,
in which an a priori decoupling inequality provides the means to estimate the
number of solutions to a diophantine system. We will see later a powerful example
of how a decoupling inequality was used to prove a long-standing conjecture of
Vinogradov on the number of solutions to diophantine systems of a particular

form.

4.2 Some Landmark Results

One situation in which decoupling has been found to hold is when a collection of
Schwartz functions { f;};ez have Fourier supports in regions of moderate separa-
tion adapted to a submanifold of appropriate curvature. Two notable examples
of appropriate submanifolds are the paraboloid and the moment curve. We take

this opportunity to state these landmark results.

4.2.1 The Paraboloid

For each 0 < 6 <1 and each £ € R"™!, let P s C R™ denote the region

Pes={(6,6n) 1€ €6+ (=0,0)" " |6 — €] =26 (€ = §)| <07}

This can be thought of as the tangent hyperplane to the paraboloid at (&, |£[?),
thickened to scale 62 in the ¢, direction and lying above a cube of scale § about
§. To aid with the visualisation of the regions F% s, the following diagram depicts

one such region in the case n = 2:
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&n

 1€1)

Figure 4.1: One of the regions P 5 visualised when n = 2, in which case they are

narrow parallelograms “tangent” to the parabola.

The landmark result for the paraboloid, due to Bourgain and Demeter, is as

follows:

Theorem 4.5 (Decoupling for the Paraboloid: Theorem 1.1, [BD15]). Let 0 <
6 <1, and let X C [—1,1]""" be §-separated. If for each & € 2, fe € S(R™) has

Fourier support in P s, then

1/2
f‘ 2(n+1) 5 5_6( f 2 " )
ngzz S e geZEH 5HLZ("LU(W)

for all e > 0.

Remark 4.6. The decoupling exponent % afforded to us by Theorem is
the same as the Tomas-Stein exponent. This is the primary fact we will exploit

to give a new proof of the Tomas restriction theorem based on decoupling in
Chapter [5

We note that the decoupling theorem for the paraboloid remains true if we

replace the regions P s by the vertically scaled regions

Pes={(€,&) € € £+ (=0,0)"" 5 |6 — |6 — 26 (€' — )] < C?%}

for some fixed C' > 1. Indeed, let ¥ C [-1,1]""! be d-separated, and let f; €
S(R™) have Fourier support in Pes for all £ € ¥. Observe that P;; C Pe s for
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all £ € X, so each f¢ has Fourier support in P ¢5; moreover, we may partition X
into O(1) Cd-separated subsets Xy, -+, ¥,,. The triangle inequality followed by

the decoupling theorem therefore gives
2(n+1)

n <
H ng‘ Lg(n_+11) (Rm) — Z H Z fﬁ‘ L »=1T (R")
ces =1 ey,
m 1/2
<. 5 ( 2 o )
S Y (T Wil s

j:1 {ezj

for all € > 0. Applying the Cauchy-Schwarz inequality on the last line and

absorbing m'/2 = O(1) into the implied constant gives
1/2
fel| 2 S0 (Ml )
H EEZE L n=1 (R") c SGZE L n=T (R»)

4.2.2 The Moment Curve

For each n > 2, define v, : [0,1] — R™ by 7, (¢t) = (¢,£2,--- ,t").
Definition 4.7. The moment curve in R" is the curve I'" = 7,,([0,1]). That is,
o= {(¢, ¢ - ,t") : t €]0,1]}.

For each 0 < 6 <1 and each { € R, let 0 s denote the region

0&5 = {%1(5) + 317711(5) T+t Sn%(zn)@) : |5k‘ < (sk for all k = 17 T 7n}7

where ’yr(bk) denotes the k™ derivative of 7,. Thus, 6 s is a box of dimensions ~ § x
§2%- - -x 6" centred at 7, (£), with sides running parallel to 7. (£), v(€), -+ , ¥ (€)
respectively.
The landmark result for the moment curve, due to Bourgain, Demeter, and Guth,
is as follows:

Theorem 4.8 (Decoupling for the Moment Curve: Theorem 1.2, [BDG16]; The-
orem 1.2, [GLY21]). Let 0 < d <1, and let ¥ C [0, 1] be d-separated. If for each
€e€X, fe € S(R") has Fourier support in b¢ s, then

1/2
- 2
H ng‘ (1) (g <=0 E(Z ||f5||L”<"“>(R"))
ey £ex

for all e > 0.

Theorem was famously used by Bourgain, Demeter and Guth [BDGI6]
to prove a long-standing conjecture in number theory known as the Vinogradov

main conjecture; we explore this application in the following section.
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4.3 The Vinogradov Main Conjecture

Given integers s,n, N > 1, let J;,,(N) denote the number of integral solutions to

the system of diophantine equations
w4l =2l ), foralll1 <j<n, (4.5)

with 1 < 2; < N for all © = 1,---,2s. There are N*® choices for zy,--- , xy,
so by taking z,., = xp for all 1 < k < s, we see that there are at least N*®
solutions to the system (4.5 (these are the so-called “diagonal solutions”). On
the other hand, there are N?° choices for @1, --- ,x9,, and given one choice, one
may heuristically consider 2] 4 - -- + 27 and z/ IR R ), as random integers
in the range [1, sN7]. The probability that these are equal are equal would then
be 1/sN7, so the probability that we have equality for each j = 1,--- ,n would
be [T7_; 1/sN7 ~gn N™ mopt

solutions, leads to the following conjecture:

. This heuristic, plus the existence of the diagonal

Conjecture 4.9 (The Vinogradov Main Conjecture). For all s,n > 1 and all
e >0, we have

n(n+1)

Jsn(N) Ssne NS(N® + + N2~ ).
It is not hard to see that
N
Js,n / ey d(E,
oape | 2

J=1

so the conjecture is equivalent to the statement

[0,1]n

for all € > 0. Heuristically, the Fourier transform of e(7,(7) - ) should be sup-

n(n+1)

” Seme NE(N® + N~ ) (4.6)

ported at the point 7,(j) (an idea which can be made precise by the theory
of distributions), from which it is evident that the decoupling theorem for the
moment curve might be applicable. This is indeed the case, as was first shown
n [BDGI16]. We recount a variant of the argument here, inspired by an expo-
sition of Tao [Taol5|]. Tao cites a different version of the decoupling theorem
for the moment curve, so some extra steps must be taken to make Theorem
applicable.
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Proof (The Vinogradov Main Conjecture): We begin with some standard reduc-
tions. The first is that it suffices to prove (4.6) for the decoupling exponent
2s =n(n 4+ 1). Indeed, suppose it is known that

o

n(n-‘r )

N

Z 6(’771(]) ) 33)

J=1

n(n+1) n(n+1) +e
2 .

dz <n. N (4.7)

Then, given any s > , we may write 2s = n(n + 1) + 1 and use the triangle

inequality to obtain

N 2s
/ S e(m(j) - ) deN"/
.1 ' 4= [0,1]

n(n+1)
——=——+n+e 25—
Spe NT2 7T =N

n(n+1)+€

Hence, (4.6) holds in this case. On the other hand, if s < @, we apply

Holder’s inequality with exponent p = 71(7;_:1) > 1 to obtain

/[0,1]n ie(%(]’)-gr;) ® e < (/Ol]n ie

j=1 J=1
Sne N°T5,
so that (4.6 also holds.
To prove ([4.7]) using Theorem we must first change variables so that the fre-
quencies lie on the arc of the moment curve corresponding to the unit interval. In
particular, letting Ty : R™ — R™ be the map Tx(x1,- -+ ,2,) = (Nzy, -+, N"xz,),

we see that

n(n+1) —2s
n(n+1)
dl’)

N

N
. n(n"’_l) _n(n+1) . _ n(n+1)
[ et " = v S etni) - 75| o
[0,1]” 7j=1 [07N}><"'><[07Nn] 7j=1
N
n(n n(n+1)
= N*—(—2+1) / Ze(’Yn(]/N> - dx.
[OvN}X'“X[(LNn] ]:1

We now note that [0, N"|"
[0, N]x---x[0, N"] by elements of NZx---x N"Z, and by periodicity, the integral

over such a translate is unchanged. The right-hand side is therefore equal to

n(n+1)

N
N [ Y et )| e,
[0,N7]™ 'y
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from which we see it suffices to prove

N
n(nJ” n(n+1) +

/ S e(nG/N) )| de S N
[0,N™]™ 'y

)

Theorem is now almost applicable. The last step is to replace the integral
over [0, N"]" by an integral over R", and to do so, we choose by Proposition m
some 1 € S(R") such that ¢ ~ 1 on [0,1]", with ¢ supported in B(0,1). Then,
given any N € N, we have

N ) n(n+1)
[ etntimo " s, |
[0,N"]m j=1 R7

But ¢(x/N™) has Fourier support in B(0, N~"), from which it follows that the
Fourier support of ¥(z/N™)e(v,(j/N) - x) is contained in B(v,(j/N), N™") C
0;/n,n-1 (by similar computations which led to equation (3.23)). Theorem

n(n+1)
dz.

> v/ N")elli/N) )

therefore applies, giving

n(n+1)
2

N n(n+1) N
Lo |20 [ e o N (S W )
0’ nin le

J=1

But a change of variables gives
n\ [|n(n+1) n? n(n+1)
||Q/](x/N )||LEL(:_+1) Rn N ||w||Ln(n+1)(Rn
hence [[1(z/N™) 12,0 gy ~ N7 Tt follows that

N n(n+1)

emG/N) - )" dz S N (Z n) "
1

n(n+l) +e

j=

= NPT

4.4 The Parabola: A Model Case

We have now seen one example of the power of decoupling theorems, but we are
yet to provide any insight into how they may be proven. We therefore dedicate
this section to proving the model n = 2 case of Theorem [1.5]

We will closely follow an argument of Tao [Tao20a], which is in turn based on
an article of Li [Li21]. We streamline Tao’s argument by rescaling two of the

parameters in the definition of the bilinear decoupling constant, with the effect

45



CHAPTER 4. FOURIER DECOUPLING

of rendering Lemma 14 of [Tao20a] superfluous. We also opt for our final proof
to more closely resemble the argument of Li than that of Tao.
Recall that when n = 2, given 0 < § < 1 and £ € R, we let FPs denote the

parallelogram
Pes={(&1,6) e R |6 — ¢ < 0; 6 — € = 26(& — §)] < 6%}
To reiterate, the theorem is as follows:

Theorem 4.10 (Decoupling for the Parabola). Let 0 < 6 < 1, and let ¥ C [—1, 1]
be d-separated. If for each £ € X, fe € S(R?) has Fourier support in P s, then

|25
fex

B 1/2
oy 52 0 (2 el
£ex

for all e > 0.
For the sake of convenience, we introduce the notion of a decoupling constant:

Definition 4.11. Let U = {U;,--- ,U,,} be a finite multiset of nonempty open
sets U; C R™, and let 1 < p < oo. Then, the L? decoupling constant Dec,(U)

associated to U and p is the smallest constant for which

Hiﬁ

whenever f; € S(R") has Fourier support in U; for each i.

m /
< Decp(u><z Hfi||2Lp(Rn))1 2
i=1

LP(R™)

Thus, letting D(J) denote the supremum of the LS decoupling constants
Decg({Pes : € € £}) across all d-separated subsets ¥ C [—1, 1], Theorem is
equivalent to the statement that D(J) <. §¢ for all € > 0.

The following property of decoupling constants will be useful throughout the

arguments which follow:
Proposition 4.12 (Affine Invariance). Let 1 < p < co. Then
Dec,({LU, -, LU,}) = Dec,({U1, - ,Un})

whenever the U; C R™ are nonempty and open, and L : R™ — R" s an invertible

affine transformation.
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Proof. Since any invertible affine transformation L is a composition of an invert-
ible linear map 7" : R™ — R™ and a translation z — x + 7, it suffices to prove the
proposition for such maps.

Let f; € S(R™) have Fourier support in U; for each i. Given an invertible linear
map T : R — R", Proposition implies that (f; o Tt = |det T~|f; o T~V is
supported in TU;. It follows by a change of variables that

H;m;fi zf

t|1/p - (12 1/2
< |det T'1'/7 Dec, ({TUs, -+, TUR D ( 3 I 0 T 3nga)
i=1

: = | det T*|V/?

Lr(R Lr(R™)

m 1/2
= Dec,({TUs, -+, TU D ( 3 Iflldren)
=1

hence Dec,({Uy, -+ ,Un}) < Dec,({TUy,--- ,TU,,}). Applying this with T'U; in
place of U; and T~! in place of T gives the reverse inequality.

Given a translation defined by x — x -+ 7, Proposition gives that (™7 f;)" =
(E)T is supported in U; + 7. A similar computation as above shows that we have
Dec,({Uy,--- ,Un}) < Dec,({U1+7,--- , Uy +7}), and applying this with U; +7

in place of U; and —7 in place of 7 gives the reverse inequality. O

The first important property we must prove specific to the parabola is the

following rescaling lemma:

Lemma 4.13 (Parabolic Rescaling). Let 0 < § < &g < 1, and let ¥ be a §-
seperated subset of an interval I C [—1,1] of length 20¢. Then,

DeCG({Pg,g . f € E}) S D(CS/(SQ)

Proof. Write I = [§y — o, & + 0p. It is routine to check that the invertible affine
transformation G, : R? — R? defined by

Geo(&1,8) = (& — &0, & — 266 + &)

maps the parabola to the parabola, and parallelograms P ;5 to parallelograms
Pe_¢, 5. Since G¢, maps I to [—dg, dp] and preserves the separation between each
of the ¢ € ¥, we may assume without loss of generality by affine invariance that
I = [—dy, do)-

It is also routine to check that the invertible linear map 7' : R? — R? defined by

T(&1,&) = (&1/00,62/)
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maps the parabola to the parabola, and parallelograms P s to parallelograms
P /50,550~ Since the set ¥/0g C [—1,1] is 0/dp-separated, affine invariance again

gives
DeCG({P§75 : 5 - Z}) = DeCG({Pg/(;O’g/(;O . 6 € Z}) < D((S/é()),
where the last inequality is by the definition of D(d/dp). O

Using parabolic rescaling, it is not too hard to show that D(d102) < D(d1)D(d2)
for all 0 < 01,09 < 1. This property suggests that an “induction on scales” ap-
proach could be used to prove D(0) <. 6~ %; indeed, starting with D(1/2) <. 2¢°,
we could iterate D(0102) < D(81)D(82) to obtain D(27%) <. (2%)¢ for all positive
integers k. The problem with this approach is that the implied constant depends
on k, and grows without bound as k — oo. To proceed with an induction on

scales approach, a more complicated bilinear variant of D(d) must be introduced.

Definition 4.14 (Bilinear Decoupling Constant). Let 0 < § < 2p1,2p, < v < 1.
Define M, 4(6, v, p1, p2) to be the infimum over all constants C' such that

S k|| X we| < (X W emn ) ( 3 ol
1€

&2€X2 §1€8 &2€32

whenever Y1, Yo C [—1,1] are d-separated subsets of intervals I, I, C [—1,1] of
length 2p; and 2p, respectively, with dist(l1, I5) > v, and f¢, € S(R?) has Fourier
support in P, 5 for each & € 31 and g¢, € S(R?) has Fourier support in P, s for
each & € Y.

Since our ultimate goal is to prove a bound for D(J), we would naturally
like to estimate D(J) by bilinear decoupling constants. This is enabled by the

following result:
Lemma 4.15 (Bilinear Reduction). Let 0 < § <v < 1/2. Then,
D(8) S v VM, 4(6,2v,v,v) + D(5/v).

Remark 4.16. When used in this form, O(1) simply refers to a finite constant
that is independent of all parameters. Recall that when using this notation, we

allow the constant to change each line.

Proof. Let 3 C [—1,1] be d-separated, and for each £ € ¥, let f; € S(R?) have
Fourier support in P 5. We wish to prove that

|34

< 0(1)M24((5 2v,v,v) + D(6/v)) (Z Hf€||L6 R2 )

ey

L6(R2)
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By scale invariance, we may normalise so that dez | fell 36 (&2) = 1. Raising both
sides to the power of 6 and observing that (v=°W M, (6, v,v,v) + D(6/v))5 ~
v OW M, 4 (6, v,v,v)5 + D(6/v)8, we see that it suffices to prove

J.

Let Z denote the collection of O(r~!) intervals

6
‘ dz < v-OU M, (8, v,v,0)° + D(6/v)°. (4.8)

T={[-1+20k- Vv, ~1+2%kv] k=1, v P U{1-20,1]} (4.9)

of length 2v covering [—1, 1], and partition 3 into subsets ¥; such that X; C [
for each I € Z. Then, by our normalisation and the definition of M, 4(6, 2v, v, v),

we have
3 / S A A a2 v 006 2n )P (120)
1 JET:dist(I,J)> ¢esy geny
Moreover, by parabolic rescaling, we also have

S [ Xl ar < 26 S (S Wl

IeT IeT g€y

D/ (3 Mfellewsy ) = D(/)°, (411)

IeT ¢e¥r

where we have again used our normalisation. By (4.10)) and (4.11]), we see that
to prove (4.8)), it suffices to prove a pointwise bound of the form

‘ng‘ﬁguom Z ‘Zf&‘ ‘ng’ +Z‘Zf5‘ . (4.12)

cex I,JET dist(I,J)>2v E€%; I€T  ¢ex;

To do so, let A = |3 s fe| and A7 = |3 .y, fe| for each I € I, and let

= |Z| = O(v™"). The triangle inequality gives A < 3, A, and it is clear that
> -ray<ajeny Ar < A/2. 1t must therefore be the case that 37, 4 o 4 on Ar = A/2.
It follows that if #{I : A; > A/2N} < 3, then there must exist some [ € Z such
that A; > A/6, in which case upon raising to the power of 6 and recalling the
definition of A and A;, we find that

(ng\ <[ s (4.13)

exy

holds for that interval . If, on the other hand, #{I : A; > A/2N} > 3, then
there must be at least 3 intervals I in the collection Z \ {[1 — 2v, 1]} satisfying
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Ar > A/2N, at least two of which are separated by a distance of at least 2v. It

follows that in this case,
6
‘Zfé‘ S oW >, ‘ > fa‘ ’ > f&‘ : (4.14)
gex I,J€T :dist(I,J)>2v £€Xf §EX

Since either of the cases leading to (4.13]) or (4.14) must hold, we may add the
right-hand sides to obtain the pointwise bound (4.12)), which completes the proof.
O

Given 0 < § < 2p),2p1,2py < v <1 with pj < py, it is clear by the definition
of the bilinear decoupling constant that Ms 4(0, v, pi, p2) < Ma4(6, v, p1, p2). The
next lemma says that if p| is not too small relative to pa, then My 4(0, v, p}, p2)
cannot be too much smaller than M, 4(6, v, p1, p2). This ability to bound bilinear
decoupling constants by those with a smaller p; will be key in our proof of the

decoupling theorem, in which we iteratively shrink p; in this manner.

Lemma 4.17 (Key Estimate). If 0 < § < 2p1,2p1,2p2 < v < 1 with p3 < py <
p1, then

M2,4(57 vV, p1, ,02) 5 V_O(l)M2,4(57 v, p/17 p2)

Proof. Let 31,35 C [—1,1] be d-separated subsets of intervals I, ls C [—1,1]
of length 2p; and 2p, respectively, with dist(Iy, I5) > v. Let f¢, € S(R?) have
Fourier support in P, 5 for each & € X1, and let g¢, € S(R?) have Fourier support

in P, s for each & € Xy. By scale invariance, it suffices to prove

Z fsl‘ ‘ > e

§1€3 IPISDW)

dl’ < v 1)M2,4<57 v, 10/17p2)6

assuming the normalisation » . . ||f§1||%6(R2) =D ten, ||g§2||iG(R2) = 1. To do
so, we first cover I; by a collection Z’ of intervals of length 2o} analogously to the
covering of [—1,1] by the collection Z in (4.9). Then, partition ¥; into subsets
¥, such that ¥y p C I’ for each I' € Z'. We have dist(!’, J) > v since I' C I
for each I' € 7', hence

&1 9éo r < 2,4 v, P1>p2 €111 L6(R2)
Zf(Z Y < 40,000,000 (D0 )

&1 El 1’ 51621,1’

by the definition of the bilinear decoupling constant and using the normalisation

D tren, | g&H%G g2y = L. It therefore suffices to prove

/ ‘Zg& > fa ’Zggz

&€, &2€%, ez’ §1€8, v 1IN

do <

~Y

dz. (4.15)
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2
Letting Fpr = 2&621 . fe, for each I' € 7 and letting G = (252622 g@) , (4.15)

is equivalent to the decoupling inequality

|3 #ie]
rer’

By Example 4.2} it suffices to show the Fourier supports of each of the FinG have

2
< ,,—0() .G 2 )
L2@2) ~ v FZE;/ 1 F1 HL2(R2)

an overlap of O(v=°W).

Let Iy = [£0 — p2,& + po]. The overlap of the Fourier supports of the Fp.G is
unchanged by a bijection of R?, so by applying the invertible affine transformation
Ge, as defined in the proof of parabolic rescaling, it suffices to consider the case
where Iy = [—pa, p2], and I} C [—2,2] satisfies dist([;,{0}) > v. Under these
simplifications, it is not hard to see from the assumption § < 2ps that there is a

rectangle of the form

R={(&,6) :& =0(p2); & =0(p3 +9)}.

such that P s is contained in R for all £ € 5. It follows that Z@ezg ge, has

Fourier support in R, and recalling how convolution affects supports, it is clear
2

that G = <Z§2622 952> has Fourier support in a rectangle of the same form
(after suitably enlarging the implied constants in the O(-) notation).
Let & be the centre of I’ for each I' € 7', so I' = [{p — p!, & + py]. Tt is not hard

to see from the assumption § < 2p) that there is a horizontal strip of the form

Sp={(&,%) : &L =& +0(p))}.

such that P ; is contained in Sy for all £ € ¥, p. It follows that Fy has Fourier
support in Sy and hence, using the assumptions p3 < p) and § < 2p} and
comparing the Fourier supports of Fr and GG, we see that F G has Fourier support
in a strip of the same form (after suitably enlarging the implied constants in the
O(-) notation). Thus, if (&;,&) € Sp for some I’ € T’ then (&, &) can only also
lie in Sy for those J' € 7’ for which & — &%, = O(p}). But this is only true
if & — &5 = O(p/|ér + E5]) = O(pjv™'), where the last equality holds since
|Er+E&x| = |€n|+ €] 2 v. Since |Ep —Ey| = 2p) for adjacent intervals I, J" € T/
by construction (with one possible exception), there can be at most O(r~!) such
J', and the Fourier supports of the FG therefore have an overlap of O(r=9(1)

as required. O

The final two results we need before proving the decoupling theorem are each

simple consequences of Holder’s inequality and parabolic rescaling. The first

o1



CHAPTER 4. FOURIER DECOUPLING

describes how p; and py can be interchanged in the bilinear decoupling constant,
and the second is a counterpart to bilinear reduction, allowing us to estimate

bilinear decoupling constants by ordinary linear decoupling constants.

Lemma 4.18. Let 0 < 0 < 2p1,2py <v < 1. Then,

My 4(6, v, p1, p2) < Ms4(0, v, P2>P1)1/2D(5/P2)1/2-

Proof. With the same setup as in the proof of Lemma [4.17] we apply Holder’s
inequality with the splitting

’ Do fa
f1ex)

2 2 3

Je,
IPISI)

(s
§1€8

Z geo
§2€3

)| 3 s
§2€32

to give

4 1/2
dx)

J.

2 4
> ol Xl @< ([ |3 g
§1€3 £a€30 R £2€30

/RQ &€X,

2
‘ Z f§1
§1€35

6 1/2
dx) .

Z 9éo

Estimating the first term using the definition of My 4(d, v, p2, p1) and the second

term by parabolic rescaling gives the result. O]

Lemma 4.19. Let 0 < 0 < 2py,2py <v < 1. Then,
M2,4(57 vV, P1, /)2) S D(é/p1)1/3D(5/102)2/3

Proof. With the same setup as in the proof of Lemma [£.17, we apply Hoélder’s

inequality to give

2 4 6 1/3 6 2/3
LIS sl S el ez ([ |3 sl ar) ([ | 3 aaf )"
R §1€3 §2€30 R §1€3 R §2€30
Estimating both terms by parabolic rescaling gives the result. O]

We are now ready to prove the decoupling theorem. The idea is that by bilin-
ear reduction, it suffices to estimate Ms 4(9, 2v, v, v) for an appropriately chosen v.
The key estimate allows us to control this term by Ma 4(d, 2v, v, v) with a loss of
v~ and Lemmald. 18 allows us to estimate this by Mo 4(8, 2, v, v?)/2D(5/v) /2,

Iterating the process of lowering p; to p3 and interchanging leads to the result.
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Proof (Decoupling for the Parabola): Consider the set
A={\>0:D(6) <.6 " forall0<§<1andall e >0},

and note that A is nonempty since any d-separated subset of [—1,1] has cardi-
nality O(67'), from which the trivial bound gives D(§) <6712 <, 6712,
hence 1/2 € A.
Let A = inf A. We wish to prove that A = 0, so assume for the sake of contradic-
tion that A > 0. Choose N large enough that

O(l) 5

~2_N<-2
A 3 =

(where the O(1) term is a sufficiently large multiple of that appearing in the
key estimate), and suppose 0 < § < 221"#“ Letting 2v = 62", we have
0 < < v <1/2, so bilinear reduction gives

D(6) S v WM, 4(6,2v,v,v) + D(5/v). (4.16)

We also have 0 < § < 212 < 2v < 1, so the key estimate followed by Lemma, m

gives
My 4 (6,20, v,v) S v WM, (6, 20, v, v2) 2 D(5/v) /2.

In fact, by our choice of § and v, we have 0 < § < 21% <2v<lforalll <j <N,
so we may iterate the key estimate and Lemma [4.18|in this fashion to obtain

N9

N
Ms4(6,2v,v,v) Sy v —OW 2= My 4(6, 2v, v? 17V2N)2LNHD(5/V2]_1)é
j=1

D@/ )5, (4.17)

,':]2

<y v WD/ 5N D(5 )2 )52

~

1

J

where we have used Lemma on the last line. Together with equation (4.16]),
(@.17) gives

D(8) Sy v WD/ )5 D(5 /v H D(3/v* )27 + D(8/v)

— [ +11I. (4.18)

Now, choose ) € A, and note that D(5) <. 6=~ for all £ > 0 by the definition
of A. It follows from our choice of v that for any 1 < 7 < N and all € > 0, we
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CHAPTER 4. FOURIER DECOUPLING

have

27

D(G/v”) = D('§' ) S, 9720 rg Vgt

<, 5N (4.19)

~E

Letting C. be the logarithm of the implied constant associated to ¢ in (4.19))

(which we allow to change each line), taking logarithms gives

J

log(D(8/v*")) < — log(d) (X(l — 2§+1> +6> + C.. (4.20)

We may therefore compute

N
log(1) < —log(8) (X' ( A?zgjjl + 2N1+2 + 3 .12N +3 (2% = 2N1+2)) te)+C
5

— —log(8) (¥ (1+ 2N1+2 (@ —2-N))+e)+C
< —log(o) (X(1 - 2N1+1> + e) +C. (4.21)

where the last line follows by our choice of N (noting that A’ > A). Equation

(4.20) also gives

1
log(I1) < —log(6) (x(1 _ 2N+1) + e> oN (4.22)
so by equations (4.18)), (4.21)), and (4.22)), we have
D(8) Sy 6N anr)—e

forall0 < < QZ,N% and all € > 0. Since this is also trivially true for 22]\];“ <d<
1, we see that (1 — 55)N € A. But by choosing X' € A small enough initially,
we can ensure (1 — ox+)\ < A, contradicting the fact that X is a lower bound
for A. Tt follows that we must have A = 0. 0

We will not treat any higher-dimensional cases of the decoupling theorem for

the paraboloid, though we note that they rely inductively upon the n = 2 case.
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Chapter 5

A New Proof of the Tomas

Restriction Theorem

In this chapter, we unite the fields of Fourier restriction and decoupling by pre-
senting a new proof of the Tomas restriction theorem for the paraboloid based on
decoupling. We will see that the local extension estimates R},_;(2 — % ;€)
for all € > 0 follow quite easily from the decoupling theorem for the paraboloid;
the main difficulty lies in proving an appropriate e-removal theorem to convert
this family of local extension estimates to a suitable family of global extension
estimates. In fact, we will prove a more general result, showing that for any pair
of exponents (p,q) with 2 < p < ¢ < oo, knowing R},._.(p — ¢q; ¢) for alle > 0

implies the global extension estimates R},,_,(p — r) for all r > q.

5.1 The Local Tomas-Stein Estimate

Our first goal is to prove R%, (2 — 2(”—’11); e) for all € > 0, which we will call

pn—1 n—

the local Tomas-Stein estimate. In light of Proposition [3.17] it suffices to prove

that whenever R > 1 and g € S(R") has Fourier support in Nz-1(P""1), we have

||9||L2(n_+11) BO.R) S REV2|| ]| p2ny for all € > 0. It is evident that there is some

similarity between this estimate and the conclusion of the decoupling theorem for

the paraboloid; indeed, it is in proving this estimate that the decoupling theorem
becomes useful.

There is a manifestation of the uncertainty principle known as Bernstein’s in-
equality which states that if g € S(R™) has Fourier support in the ball B(0, R),
then ||g|lze@n) Spa |B(0, R)|VP~Y4) gl ro@ny for all 1 < p < ¢ < co. We will

require a variant of Bernstein’s inequality specific to the regions P ;5 featured in
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CHAPTER 5. A NEW PROOF OF THE TOMAS RESTRICTION THEOREM

the decoupling theorem for the paraboloid. Our proof of this variant is inspired
by that given for discs and ellipsoids in Chapter 5 of [Wol03].

Theorem 5.1. Let £ € R"! and 6 > 0, and suppose g € S(R"™) has Fourier
support in Pes. Then, for all1 < p < q < oo, we have

lgllzaen) Spa Pesl"™ gl ogan)-

Proof. Fix some ¢ € S(R") with ¢ =1 on [—1,1]", and define an invertible affine
transformation G¢s : R" — R" by

Ges(€,€n) = (071(€ = €),07%(6n — €1 — 26 (€' = ©))).

It is clear by the definitions that G¢s maps FPes to the cube [—1,1]", so we
have ¢ o G¢5 = 1 on F;;. Since g has Fourier support in P, it follows that
G = g(poGeyg), from which we see that g = g* (¢ o Ges)” upon Fourier inversion.
Letting r satisfy 1/p + 1/r = 14 1/q (which is possible since 1 < p < ¢ < 00),
Young’s convolution inequality gives

lglla@ny = llg * (P 0 Ge5) lLa@ny < ||gllzr@n |(@ 0 Ges) llr@ny.  (5.1)

Now, G¢ s is the composition of a translation and the invertible linear map 7¢ s :
R™ — R™ defined by

Tg,&(f/’ gn) = (5715/7 672(571 - 25 : fl))

By translation invariance, we have ||(¢ o Ge¢s)7||zr@n) = [[(® © Te5)7||Lr(mn), and

by Proposition [2.2) and Fourier inversion, we have
(PoTes) = |det Te sl (p o Tgy).

It follows by a change of variables that

R _ B B , 1/r
166 0 Gea) lurien = | devTeal ™ ([ o Teho )

= | det Tes| " [l ol r(n)- (5.2)

Since ¢ is a fixed function, ||¢||r»®n) depends only on 7, which depends only on

p and ¢. Moreover, | det T; 5| ™' ~ | P s|. Noting that 1/ = 1/p — 1/q, equations

(5.1) and (5.2)) therefore give the result. O
Having established an appropriate variant of Bernstein’s inequality, we are
ready to prove R},_.(2 — % ; €) for all e > 0.
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5.1. THE LOCAL TOMAS-STEIN ESTIMATE

Theorem 5.2 (The Local Tomas-Stein Estimate). R},._.(2 — (7?_“) g) holds
for all e > 0.

Proof. By Proposition it suffices to prove that whenever R > 1 and ¢ €
S(R™) has Fourier support in Ng-1(P""!), we have

< B4l 2y (5.3)

loll spsp oS

for all £ > 0. In fact, we will prove the stronger statement in which the inequality
(5.3)) is replaced by

B2 9| 2

loll s e
Suppose g € S(R") has Fourier support in Np-1(P" 1), and let ¥z = R™Y/2Z"'n
[—1,1]*"'. Note that Np-1 is covered by the collection Pr = {P; g-1/2 : £ € Xg},
after possibly making the regions P; p-1/2 taller by a fixed factor (recalling that
the decoupling theorem remains true after such a scaling). By Theorem , let
(np)pepy, be a partition of unity subordinate to this cover, and for each P € Pp,
let gp = (gnp)~. FEach gp is Schwartz as the inverse Fourier transform of a
Schwartz function, and by Fourier inversion, we have that gp = gnp is supported
in P. It follows from the property  p.p np =1 that > pcp gp = g and hence,
upon Fourier inversion, we have pepy, 9P = g- The decoupling theorem for the

paraboloid therefore gives

ol 2o . = | Py e

for all € > 0. Since gp is supported in P, Theorem and Plancherel’s theorem

1/2
s S B ol ) (54)
T RY) oA AN )

give

”gP||2L2(7:Lj11> &) S|Pl lgp 17 gy

< (R™ (n+1)/2)1

~Y

n—
= 1951172 (R™)

= R |gpl122(@n);

and substituting this into (5.4]) gives

1/2
ol 2o S B (D2 R G0 e

PePr

_ R€—1/2 112 1/2 5 5
= Z ||9P||L2(Rn) (5.5)

PePr
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CHAPTER 5. A NEW PROOF OF THE TOMAS RESTRICTION THEOREM

for all ¢ > 0. Now, each £ € R" lies in at most 2"~ ! of the regions P, and it
follows that Y ,cp [17p|* < 277" We therefore have

S G = X [ lanePde= [ 13P( Y eP) do
PePg pepp VR” R® PePr
S 191122 @ny.
which together with (5.5 gives

loll s e Rl =

5.2 e-Removal

We now treat the problem of bootstrapping the local extension estimate of the
previous section to a global extension estimate. We will prove a more general e-
removal theorem which states that for all pairs of exponents (p, ¢) in a particular
range, a local extension estimate R}, .(p — ¢; €) with ¢ > 0 sufficiently small

implies a global extension estimate R}._.(p — r) for all r larger than ¢ by a
certain threshold, with the threshold becoming arbitrarily small as ¢ — 0.

Theorem 5.3 (e-removal). For all 2 < p < ¢ < o0 and all € > 0 sufficiently

small, Ry._.(p — q; €) implies Rp,_.(p — r) whenever + < qio = % - qligl‘()f/iq).
1/q
1/2
O (%7 %)
(3> 3)
° 1/p
1/p 1/2 (1,0):

Trivial Estimate

Figure 5.1: Theorem [5.3] visualised.
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5.2. e-REMOVAL

Theorem and our approach to proving it, can be easily visualised using

the above strong-type diagram for the extension operator Epn.-1. Given the local
extension estimate R}, .(p — ¢; ¢) (where (%, é) lies in the closed triangular
region), we wish to deduce the global extension estimate R},_.(p — ) for all
rowith L <« L = 1 _ _dloa2

r 90 g  qlog(l/eq)”

corresponding to the open circle at (]l?, %), and we wish to prove the global exten-

That is, we know a local extension estimate

sion estimate for all pairs of exponents corresponding to the vertical line between

(%, qio) and (%,0). If we prove that E is of weak-type (p,qo), then by real in-
terpolation with the known strong-type (p,o0) estimate (which follows from the
trivial estimate and Lemma [3.11)), we will obtain a global extension estimate for

all pairs of exponents in the required range. It therefore suffices to prove

IEfll ooy S 1 f | opn1.d0)

for all f € LP(P"! do), and our first step will be to bootstrap the local extension
estimate || Ef||e(o,r)) S || fl|Lr(pn—1,do) to an analogous estimate for multiple
R-balls | J, B(x;, R), provided the balls are sufficiently separated, or sparse. We
will then show that the superlevel sets {x € R" : |[Ef(x)| > t} can be covered
by a reasonably small number of sparse collections of balls of sufficiently small
radius, from which we will be able to deduce the result. Our approach is based

on that taken to prove a slightly different e-removal result in [Tao99].

Definition 5.4. A collection {B(x;, R)}Y, of R-balls is said to be sparse if
|z, — 2| > (RN)=7 for all i # j.

Remark 5.5. The implied constant in the definition of sparseness should be

considered fixed but yet to be determined.
The following lemma and its proof are inspired by Lemma 3.2 of [Ta099).

Lemma 5.6. Let 2 < p < q < oo, and suppose Ry,._.(p — q; €) holds. Then for
all R > 1 and all f € LP(P"',do), we have

HEfHLq(Uf.V:1 B(z,R)) S REHJC”LP(Pnfl,da)
whenever { B(z;, R)}X, is a sparse collection of R-balls.

Proof. Let R > 1. By Proposition and tranlation invariance, R}, .(p —
q; €) implies that for all z € R™ and all ¢ € S(R") with Fourier support in
Np-1(P"1), we have

I9llLeBe.r) S B3l vy (pr1)- (5.6)
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By Proposition 2.13] choose some nonnegative ¢ € S(R") such that 1) ~ 1
on B(0,1), with ¢ also nonnegative and supported in B(0,1). Given a sparse
collection of R-balls {B(xz;, R)}Y,, we let ¥;(z) = ¥((x — z;)/R). Given f €
LP(P™1 do), the same argument as in the derivation of equation gives

VBl ey ~ (E]WEﬂmwm )" (5.7)

By similar steps which led to equation ({3.23)), we find that w/zE\f = 9 * (fdo),
which is smooth and supported in Nz-1(P"1). We may therefore apply (5.6)),
giving

I Ef | openry S BV 10+ (fdo) || o,y (pr-1))-

Combining with (5.7)), we see that

1/q
1B S oiben ;Wl”(Z]wz-MaH )
E*l/p/ ~ 1/17
<R (ij%lmwu )
=1

where the last inequality follows since p < ¢ and the /P norm is decreasing in p.

It therefore suffices to prove

1/p ,
(ZW% (fdo) L nry o (- 1))) S R\ llzope-r.ao)- (5.8)

Now, define a linear operator 7' mapping functions on P"~! to functions on R™ x

{1,--- ,N} by Tf(£,i) = @@i*(fda)(f). Then, is equivalent to the statement
that T is of strong-type (p,p) with ||T||zr_zr < RY? (where R® x {1,--- N} is
given the product measure of the Lebesgue measure on R" and counting measure
on {1,---,N}). Since p is in the range 2 < p < oo, it suffices by Riesz-Thorin
interpolation to prove the bound for p =2 and p = oo.

For p = 0o, we note that for any 7 and any £ € R”, the triangle inequality gives

n—1

s (AN < [ 14l ~ w)llf () do).
But 1&1(5 — w) is supported in B(¢, R™) (as a function of w), and it follows that

|0 % (fdo)(€)] < ||@Ez‘||L°°(Rn)||f||L°°(Pn1do)/ XB(e,r-1)(w) do(w). (5.9)

pn—1
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Lemma [2.46{ gives [,. 1 Xp(,r-1)(w) do(w) < R~~Y; moreover, HzﬁiHLm(Rn) =
R™||¢)]| Leo(rn) ~ R", from which equation (5.9) gives

[ % (fdo)|| poemny S Rl fll 1o (pr-t do-

Since this is true for all i, we have max; || (fdo)||e@ry S R fllLoe(pn—1 doys
which is for p = o0.

For p = 2, we exploit the fact that L? is a Hilbert space, so T has an adjoint 7.
In what follows, we will have frequent need to refer to L? — L? operator norms,
so we tidy our notation by using || - || to denote || - |12 2.

Using the identity |TT*|| = ||T]|?, we see that it suffices to prove ||TT*|| < R
(this is known as the TT* method). Identifying T, we see that it suffices to prove

the estimate

N N 2 1/2 N 1/2
(Z; ’ %UjEE*(Z%DiQi) L2(Rn)> S R(Z ||gi||2L2(lR"))
= =1 i—1

whenever g, -+, gy € L2(R"). To estimate the left-hand side, we first note that

by the triangle inequality, we have

|wiEE( S vigi)
i=1

where we are now viewing each ¢; FE*1); as an operator. Hence,

N
: < [ EE [llgill 2@,
=1

L2(R™

N . N 2 1/2 NN . 2\ 1/2
(X |wee (3w ...) " < (2 (BB wlllgliee) )
J=1 i=1 (™) j=1 =1
(5.10)
But for each j, the Cauchy-Schwarz inequality gives
N ) N
(S 15 BE il ey ) < (500 3 s BB )
i=1 Ji=1
N
(D s BB illgilEaqen )
i=1
hence,
N N N
* 2 *
S (X I EE willglleen) < (su D IwBE )
j=1 =1 =1
N N
(s D s BE ) (D llgil3eqen) )
tog=1 i=1
(5.11)
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But for each i and j, we have
[V EE ]| = [[( EE™%:)"|| = [[hi EE ],

where the last equality holds since the 1);,1; were chosen to be real-valued. In

particular, we have
N N
sup » W EE* ;|| = sup > _ |[; EE*1]|,
J =1 tog=1
so equations ([5.10) and (5.11)) give
N N ) 1/2 N N 1/2
(s (i) | e,) = (500 I 0l ) (3 Nolian)
j=1 i=1 =1 i=1

it therefore suffices to prove

N
sup Y W EE* || < R. (5.12)
J =1
Given any j € {1,---, N}, the TT* method gives

[0 EE* ;]| = |(0; E) (W E)*|| = [lo; B

But by Plancherel’s theorem and the same steps which led to equation (3.25)), we
have that for all f € LP(P"!, do),

[0 E fllre@ey = (0 EF 2@y S B2\ fllreee-1,a0).

Hence, || E|*> S R, giving [ EE*Y;|| < R.

For i # j, we will estimate |[¢);EE*;|| using Schur’s test. As such, we must
identify the integral kernel for the operator ¢; EE*y;. Given g € S(R"), noting
that E%,_, = Rpn-1 by equation , Fubini’s theorem gives

B vg) (@) = v5(o) [ vt ([ e dote)) dy
= [ @)ty — a)la(w)

so 1; EE*; has integral kernel K (z,y) = v, (:C)wl(y)gc;(y—x) By Theorem m,

we have

do(y —z)| < |y — x|~ D72,
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it follows that for any x € R,

[ EG@alay s o [ wmly-a a6

By translation invariance, we may assume without loss of generality that z; =0
and |z;| 2 (RN)%. Since 1; and 1; are Schwartz, we then have

Yily) < (1+ [y)~D

and
Yi(a) S (14 |z —ay]) =00,
Equation (5.13|) therefore gives

K (z,y)|dy < (14 |2 — zy]) "0 / (1+ Jy) "Dy — 2|V gy, (5.14)

n

R
We estimate this integral by the “divide and conquer” approach, treating sepa-
rately the cases when z is close to the origin (relative to x;), and when z is far

from the origin.
First, suppose |z| < |z;|/2. Then, |z — x;| > |z;|/2, so (5.14) gives

K (2, )| dy S ||~ / (14 ly)) =]y — 27D dy.
R

n

But (1 + |y|)~*Y is bounded above by 1, so

F R T R R N T R
y—x|<1

ly—z|<1
~ 1.

We also have

/| )y el < / (1+ ) dy
Yy—x|=

n

~1,

and it follows that if || < |z;|/2, then
K (2, y)l dy < s [ 7D, (5.15)
R

Next, suppose |z| > |x;]/2. Then, since (1 + |z — ;)" is bounded above by

1, equation ((5.14) gives

| K (z,y)|dy < / (1 + |y))" ™|y — 2|"=D/2 gy,
R" R™
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Clearly, we have

/ o Dy Oy € o / (1+ yl)~+ dy
y—x|>|z;|/4

n

~ | TR,
Moreover, if |y — | < |x;|/4, then |y| > |z;|/4, hence
—(TL+1) _(n=1) < —(TZ+1) _(n=1)
(L)~ Py =22 dy < |y ly —z|” = dy
ly—z[<|z;]/4

ly—z|<|z;|/4
A|—(n+1)/2
j .

~ |z
It follows that if |z| > |z;|/2, then

. \K (2, )| dy < ||~ 7D/2 4 ||~ (002

< oy |01, (5.16)
Comparing equations (5.15)) and ([5.16]), we see that

sup [ Klz)]dy S lay| 0"

reR?
S (RN)™,
where we have used the assumption |z;| 2 (RN )% By symmetry, we also have
sup [ |K(z,y)ldz S (RN)™,
yeR” JRn

and it follows by Schur’s test that
[ EE* ]| S (RN)™.

Combining this with the estimate |[¢); EE* ;|| < R, we find that

N
Y W EE|| SR+ (N -1)(RN)™" <R,

=1

which proves equation (5.12)) since j € {1,---, N} was arbitrary. O

We can therefore bootstrap local extension estimates to sparse collections of
balls. Recall that we also require a covering lemma, allowing us to cover a set of
the form {x € R™: |Ef(x)| > t} by an appropriate family of sparse collections of
balls. The following lemma provides an appropriate covering for sets which are a
union of unit cubes, with the idea being that the uncertainty principle dictates
that the set {x € R" : |[Ef(x)| > t} will not be too different to a union of unit

cubes (since Ef is supported in a cube).
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Lemma 5.7 (Lemma 3.3, [Ta099]). Let A be a union of unit cubes. For any
N > 1, A may be covered by O(N|A|YN) sparse collections of balls of radius
O(1A]*").

Proof. If A is a single unit cube the result is clear. We may therefore assume
without loss of generality that A is a union of at least two unit cubes, in which
case |A| > 2.

Let N > 1. Define the radii Ry for 0 < k£ < N inductively by Ry = 1 and
Ry1 = |A|*R2, and note that Ry = O(|A|?"). Define

A ={x € A:|AN B(xz, Ry)| < |A"V},
and for 1 < £ < N, define
Ay={r € A:x ¢ A, for j <k, and |AN B(z, Ry)| < |A"V}.

Since A = |Jp_, Ay, it suffices to prove that each Ay can be covered by O(|A]Y/N)
sparse collections of balls of radius O(|A[>"). In fact, we will show that each Ay
can be covered by O(]A|'/N) sparse collections of balls of radius 5Ry_; (noting
that 5,1 = O(AP"™) = 0(|A]")).

Fix 1 <k < N, and let © € A,. We will first cover the set A, = Ay N B(z, Ry/2)
by O(]A['N) balls of radius 5R;_;. To do so, consider the cover {B(y, Ry_,) :
y € A,} of the set A, by Ry_i-balls. By the Vitali covering lemma, we may
extract a countable subset A/, C A, such that the balls { B(y, Rx_1) : y € A} are
pairwise disjoint, and {B(y,bRy_1) : y € A} covers A,. We claim that the set
A’ must have cardinality O(]A|'/V); indeed, given any y € A’, we have y € A,
hence |AN B(y, Ry_1)| = |A|*~Y/N by the definition of A, (using the fact that A
is a union of unit cubes in the case k = 1). We also have y € B(x, Ry/2), hence
B(y, Rk—1) C B(z, Ry), since the assumption |A| > 2 implies Ry < Ry/2. It

follows that for any distinct vy, -,y € AL, we have
m|A|FD/N < Z |AN B(yj, Ri-1)| = ‘A N U B(y;, R-1)
j=1 j=1

< |AN B(z, Ry)| < |AF/N,

hence, m < |A|'N (where we have used the disjointness of the balls B(y;, Ry_1)
and the definition of Ay). It follows that A’ has cardinality O(|A|*/V), and since

r € Ay was arbitrary, we see that the set Ay N B(x, Rx/2) may be covered by
O(JA|YN) balls of radius 5Ry_; for any = € Aj.
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The set Aj, may therefore be covered by O(|A|'Y) collections of 5R;_;-balls
of separation 2 Ry, where each collection has cardinality O(|A|). Since Ry 2
(5Rk_10(|A|))%, it follows that each of these collections is sparse provided the

implied constant in the definition of sparseness is small enough. O

We now have all of the tools necessary to prove the e-removal theorem. In
what follows, we will have frequent need to consider various superlevel sets, so

we introduce some notation here for convenience:

Notation 5.8. Let f : R" — C be measurable. Given t > 0, we let n/(¢) denote

the superlevel set

ny(t) = {z € R" - [f(2)| = t}.

The distribution function A¢(¢) as introduced in Section [2.2|is therefore given
by Ap(t) = |ns (t)].

We will also use the following:
Notation 5.9. Given r > 0, we let Q, = [—r,r|".

Proof (e-Removal): Let 2 < p < q < 00, € > 0, and suppose that R},,_.(p —
q; €) holds. Recall from the discussion following the statement of the theorem

that it suffices to prove

1B fllpaooe®ny S [ fllo(pr-1, do) (5.17)

for all f € LP(P"! do), where qio = % — qls‘gl?%.

Let f € LP(P" !, do), and assume without loss of generality that || f|| o(pr-1, o) =
1. We begin by bounding the left-hand side of by the L%>°(R"™) norm
of the average |Ef| * xq, /4 motivated by the heuristic that the superlevel sets
MEflxa, 4 () resemble unions of unit cubes, so Lemma will become applicable.
By Fubini’s theorem, we may compute

— mosin(w; /2
s/

XQ1/4 (5)

SO )@ ~ 1on Q3. Let p € C(Q3/2) be a bump function with ¢ =1 on @y,
and define

90/X/621\/4 on Q32 ;

V=
0 on Rn\Qg/Q
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5.2. e-REMOVAL

Since ¢ = 1 on P* ! C @, Fubini’s theorem gives Ef = Ef * ¢. But clearly,
Y = )@qp, from which we see by Fourier inversion that ¢ = xq, 15 X ¥, hence
Ef = Ef*xq,,, *¥. Young’s convolution inequality for weak L” spaces therefore
gives || Ef|[Laooo@n) S NIEf]* Xq, 4llL0.20®n), 80 by our normalisation, it suffices
to prove |[|Ef|*Xq, ||z ®n) < 1. That is, it suffices to prove that for all ¢ > 0,

1
151, , D™ S T (5.18)

We first note that ([5.18)) is clear for all ¢ larger than a particular threshold K in-
dependent of f, so we need only consider 0 < ¢ < 1. Indeed, Young’s convolution

inequality and the trivial estimate give

HEF* XQuallLoe@ny < NN EfllLee@mylX@yallzr@ny S I fllLrpn-1, oy,

and since P"~! is compact, Holder’s inequality combined with our normalisa-
tion || f|lze(pn-1,d0y = 1 implies ||f||z1(pn-1,a0) S 1. It follows that ||[Ef] *
X0, /4|| rem@ny < K for some constant K independent of f, from which we see
that |77|Ef|*XQ1/4 (t)] = 0 for t > K, in which case (5.18)) clearly holds. We may
therefore assume without loss of generality that 0 <t < K.

Given t > 0, let A; be the union of all unit cubes of the form z + @)/, for some
z € Z" which have nonempty intersection with the superlevel set 7, Bflexay 4 (1).
Clearly, nzjexg, , (t) C Ay, hence ‘77|Ef|*XQ1/4 (t)[/90 < |Ay|V%, so it now suffices
to prove

1
A < (5.19)

~

for all 0 < ¢ < K. Since A, is a union of unit cubes, for any N > 1, Lemma
allows us to cover A, by sparse collections Cy, - - - ,Cp, of balls of radius O(| 42" ),

where m = O(N|A¢|'/V). Since these collections cover A;, we have
At:U(Atﬂ U B),
=1 BeC;
hence,
1A4,] < Z‘Am U B‘. (5.20)
=1 BeC;
Now, if © € A;, then by definition, there exists z € Z" and y € R" such that

r,y € 2+ Quy2, and |Ef] * xq, ,(y) > t. It follows that |z — y| < /n and hence,
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|Ef1%XQ, 4y = () = [Ef[*Xq,,,(y) = t. We therefore have Ay C gy
and in particular, equation (5.20) gives

4023500 U 2] S o070 U 5
BeC;

BeC;

(2),

XQy /4t ym

= Z 0B f1xay 4, o ¥Usee, 5 ()]
=1

-~ tq Z ||’Ef| * XQ1/4+fHLq UB ¢ B (521>

where the last line follows by Chebyshev’s inequality. But for all z € (Jpee, B

we have

|Ef‘ * XQ1/4+\/ﬁ(x) = (’Ef|XUB€Ci(B+Q1/4+\/ﬁ)) * XQ1/4+\/E($)'

It follows that

|||Ef| * XQ1/4+f||LlI(UB ¢ B) — ||(‘Ef|XUBEc (B+Q1/4+\f)) * XQ1/4+\/E||%Q(]R’”)

<
~ ||Ef||Lq(UBeCi(B+Q1/4+\/E))’ (522)

where the last line follows by Young’s convolution inequality. But clearly, B(x, R)+
Q1/a+ym C B(x, R+ 2n) for any ball B(z, R) C R". Letting C; denote the collec-
tion of balls obtained by enlarging the radius of each ball in C; by 2n, it follows
that

q q
HEfHLq(UBeCi(BJrQI/‘H\/H)) < ”EfHLq(UBe(fi B)»

and combining this with (5.21]) and ([5.22)) gives

A S Z IEf 7 (5.23)

‘Upee, B

Noting that each of the collections C; is also sparse and is comprised of balls of
radius < |42 + 2n, Lemma [5.6{ and our normalisation give

N 13t
VES W, 5y S (AP + 20)7 (5.24)

Now, if |A| < 2n, we get |A4;|Y/% <1 < K/t (recalling that 0 < ¢t < K), which
gives the conclusion (5.19). We may therefore assume without loss of generality
that 2n < |A;|, in which case (5.24)) gives

IEf oy, e m S 1AL (5.25)
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Combining (5.23) and (5.25) and recalling that m = O(N|A4,|*/"), we find that

1
Al S S NJAF Y (5.26)
Setting N = %, we get £¢2?Y = 1, hence ¢2"¥ = 2% < 1/N. Noting
that |A;] > 1, (5.26) then gives [4;] < LN|A,*" for our particular choice of N.

Hence, if |A,| is finite, we may rearrange to conclude that |A,|/972/Na < %/q

Substituting our expression for N, this is equivalent to

4log2

‘At %_qlog(l/SQ) S %’ (527)

which is the conclusion (5.19). To see that |A;| is indeed finite, we note that by
Remark and a density argument, £ f(x) decays to 0 as |x| — oco. It follows
that the superlevel set 7 Bflxa, (t) is bounded, from which it is clear that A,

is also bounded, and therefore has finite measure. Our manipulations leading to

(5.27)) are therefore justified, and we are done. O

The most important feature of Theorem is that the threshold of % <
1 4log2
q  qlog(l/eq)
e — 0. This leads to the following simple corollary:

below which R},._.(p — ¢; ) implies R},,_;(p — ) limits to 1/q as

Corollary 5.10. If2 < p < g < 00 and Rp._.(p — q; €) holds for all e > 0
sufficiently small, then Rp,_.(p — r) holds for all v > q. ]

In particular, when combined with Theorem Corollary [5.10] yields the

Tomas restriction theorem:

Corollary 5.11. R},._.(2 — q) holds for all ¢ > Antl) ]

n—1

5.3 Future Directions

It is natural to ask whether the regime of using decoupling to prove a family
of local extension estimates and then applying e-removal may be used to prove
further global extension estimates for other submanifolds (not necessarily hyper-
surfaces). Indeed, we suspect that whenever one has an ¢? decoupling inequality
in L? for a submanifold S (analogous to Theorem for the paraboloid), it may
be possible to use decoupling to prove the local extension estimates R§(2 — p; €)
for all € > 0 (analogous to Theorem , following which one may use € removal
to obtain the global extension estimates R%(2 — ¢) for all ¢ > p.
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One pertinent possibility is the question of whether one may use the decoupling
theorem for the moment curve (Theorem to prove Rf..(2 = n(n+1); ¢) for
all € > 0. Unfortunately, when attempting to emulate our proof of Theorem [5.2]
one encounters some geometric difficulties regarding the possibility of covering a
R~ '-neighbourhood of the moment curve by a family of regions of the form 6¢ p—x
for a suitable exponent k. Despite this, it is our conviction that with sufficient
insight, our technique may be successfully applied.

There is a wide range of decoupling theorems which have been proven for different
submanifolds in recent years (many of which are discussed in [Tao20al), so the

possible applications of our techniques are numerous.
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